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Example: reusable rocket

Initial position




Example: reusable rocket .
r = position

Initial position

v = velocity

1 M = 1Nass
Traxt = thrust
gr = gravity

q = mass flow

Tr (Y
dit v (t): TI;ZXU — Gr (t)
m —q||uf

(Ta v, m) (O) — (T()) Vo, mO)

(r,v)(tr) = (0,0)



Example: reusable rocket

r = position

v = velocity

r;;g m — INaSS
Traxt = thrust
0 < Upin < H’LL(t)H < Umax gr = gravity

q = mass flow

r v
dit v (t) — % — 9r (t)
m —q|u]

(r,v,m)(0) = (rg,vg, Myg),
(’I",’U)(tf) — (070)



Example: reusable rocket .
r = position

Initial position

v = velocity

u o M = mass
Traxt = thrust
0 < Upin < H’LL(t)H < Umax gr = gravity

q = mass flow

r (%
dit v (t) — % — 9r (t)
m —q|u]

(r,v,m)(0) = (rg,vg, Myg),
(’I",’U)(tf) — (070)



Example: reusable rocket

min — m(ty)
U

0 < Umin < [[u(t)]| < Umax

& (’0) (t) = (% gr) (t)
m —q|lull

(r,v,m)(0) = (rg,vg, Myg),
(T‘,’U)(tf) — (07 O)



Example: reusable rocket

min — m(ty)
U

0 < Umin < [[u(t)]| < Umax

& (’0) (t) = (% gr) (t)
m —q|lull

(r,v,m)(0) = (rg,vg, Myg),
(r,v)(tf) = (0,0)

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

Lz(0) = zo, ¢g(z(tf)) =0,




Example: reusable rocket

min — m(ty)
U

0 < Upin < Hu(t)H < Umax > (Control) constraints
u(t) e U CR™, te|0,ty]

T v
dlv|(t)=| =t g, |(?) Dynamics + initial/final conditions
m —q||u]| (z(t) e R™, te0,ty],

(r,v,m)(0) = (rg,vg, Myg),
(T‘,’U)(tf) — (07 O)

y £(t) = f(t,2(t), u(?)),

\2(0) = 2o, g(z(tf)) =0 4




Example: reusable rocket

Cost (functional)

m&n —m(ty) > (rgnzl h(z(ts)) + K o>t z(t),u(t)) dt
u(-)eL> 0

0 < Upin < Hu(t)H < Umax > (Control) constraints
u(t) e U CR™, te|0,ty]

T v
dlv|(t)=| =t g, |(?) Dynamics + initial/final conditions
m —q||u]| (z(t) e R™, te0,ty],

(r,v,m)(0) = (rg,vg, Myg),
(T,’l))(tf) — (07 O)

y £(t) = f(t,2(t), u(?)),

\2(0) = 2o, g(z(tf)) =0 4




Example: reusable rocket

Cost (functional)

This is an min  h(z(t) +/ft:13 ). u(t)) dt
Optimal Control Problem (OCP) u(-)EL> ( ( f ) ( ( ))

Will learn theory and algorithms (Control) constraints

to efficiently solve OCP u(t) cUCR™, te [0, tf]

Dynamics + initial/final conditions

(z(t) € R, t € [0,ty],

z(t) = f(t, 2(t), u(t)),

\ZB(O) = Xy, g(x(tf)) =0

N\




Example: reusable rocket

Cost (functional)

This is an (2(t))) / £O(t, 2(2), u(t)) dt
Optimal Control Problem (OCP) u(- )€L°°

Will learn theory and algorithms (Control) constraints

to efficiently solve OCP ’u,(t) cUCR™, te [0, tf]

Key difficulties

1. OCPis
(controls are in L infinity)

Dynamics + initial/final conditions

(z(t) € R™, te[0,ty],
z(t) = f(¢, z(t), u(?)),

\IB(O) = Ty, g(%(tf)) =0,

N\




Example: reusable rocket

This is an
Optimal Control Problem (OCP)

Will learn theory and algorithms
to efficiently solve OCP

Key difficulties

1. OCPis
(controls are in L infinity)

2. OCPis
(dynamics and cost are
non-convex)

Cost (functional)

min h(z(ts)) —I—/OthO(t,x(t),u(t)Dit

u(-)eL>®

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) € R™, te[0,ty],

i(t) (f(t, z(t), u(t)),)

\SE(O) = 2o, g(x(tf)) — U

N\




Course objectives

1. Gain a strong foundation in modern optimal control techniques to develop
efficient algorithms for controlling complex dynamical systems
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Course objectives

1. Gain a strong foundation in modern optimal control techniques to develop
efficient algorithms for controlling complex dynamical systems

2. Implement these algorithms in Python to solve two control problems inspired by
real-world applications, one will involve control of reusable rockets
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Course objectives

1. Gain a strong foundation in modern optimal control techniques to develop
efficient algorithms for controlling complex dynamical systems

2. Implement these algorithms in Python to solve two control problems inspired by
real-world applications, one will involve control of reusable rockets

Ultimate goal

Get a comprehensive understanding of the key challenges faced by

contemporary aerospace control engineers, addressing both
theoretical and practical aspects
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Course schedule

1.  Optimal Control Problems (OCP): review of ordinary differential equations;
existence of solutions to OCP (today).
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Course schedule

1.  Optimal Control Problems (OCP): review of ordinary differential equations;
existence of solutions to OCP (today).

2. Optimality Conditions for OCP: the Maximum Principle and structure of optimal
controls; application to reusable rocket landing.
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Course schedule

1.  Optimal Control Problems (OCP): review of ordinary differential equations;
existence of solutions to OCP (today).

2. Optimality Conditions for OCP: the Maximum Principle and structure of optimal
controls; application to reusable rocket landing.

3. Python Session 1: real-world reusable rocket landing.
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Course schedule

1.

Optimal Control Problems (OCP): review of ordinary differential equations;
existence of solutions to OCP (today).

Optimality Conditions for OCP: the Maximum Principle and structure of optimal
controls; application to reusable rocket landing.

Python Session 1: real-world reusable rocket landing.

Python Session 2: training of neural networks through NeuralODE
(this application might change depending on the course first outcomes).
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Course schedule

1.

Optimal Control Problems (OCP): review of ordinary differential equations;
existence of solutions to OCP (today).

Optimality Conditions for OCP: the Maximum Principle and structure of optimal
controls; application to reusable rocket landing.

Python Session 1: real-world reusable rocket landing.

Python Session 2: training of neural networks through NeuralODE
(this application might change depending on the course first outcomes).

Final presentation of the results (the SOLE evaluation step).
—P» Group evaluation: please form groups of 2/ 3
people and fill the Excel file on Moodle ASAP! 2




Advanced optimal control: from reusable rocket
landing to efficient training of neural networks

IPSA course 2025

Lecture 1 - Existence of solutions to OCP

Riccardo Bonalli - riccardo.bonalli@cnrs.fr

Laboratoire des Signaux et Systémes
CNRS and Université Paris-Saclay
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Optimal Control Problem (OCP)

Cost (functional)

min_ k) + [ (a0, u(0) de

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

Lz(0) = xo, g(z(tf)) =0
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Optimal Control Problem (OCP)

Cost (functional)
ts h:R" —- R
u(rgleugoo h(z(ts)) + : Ot z(t),u(t) d —p fO R, xR* xR™ > R

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

Lz(0) = xo, g(z(tf)) =0 ’s




Optimal Control Problem (OCP)

Cost (functional)
o h:R" — R
min h(a:(tf)) + f (t,m(t),u(t)) dt —=—pp fO R, xR"xR™ — R
u(-)eL™> 0 +
(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) € R™, te€]0,tf],

§ 2(t) = f(t, 2(t), u(?)),
—p [:R. xXR*"XR™ - R"
L z(0) =z, g(z(tf)) =0 g:R" — R* 24




Optimal Control Problem (OCP)

Cost (functional) - R
: R" —

ty
. 0
u(IglglEloo h(a:(tf)) + ) f (t,m(t),u(t)) dt — fO : R_|_ X R®" x R™ 3 R

(Control) constraints Key facts

. I i f
u(t) cUCR™, tc [O,tf] 1. The final time t; may be free
2. All mappings are continuous...

Dynamics + initial/final conditions

(z(t) € R™, te€]0,tf],

Q2(t) = f(t, (), u(t)),
—p f:R. xXR*"xR™ - R"
\CE(O) = 20, g(x(tf)) =0 g:R" — R¢ 25




Optimal Control Problem (OCP)

Cost (functional)

2 h:R" —> R
u(rgleugoo h(z(ts)) + : fo(t,z(t),u(t)) dt ——p fO R, x R® x R™ — R
(Control) constraints Key facts
u(t) cUCR™, te [O,tf] 1. The final time t; may be free
2. All mappings are continuous...
Dynamics + initial/final conditions except for controls!
f.’l?(t) eR", te [O,th 3. u:[O,tﬂ—)U

such that u(-) € L=([0,t¢],U)

Q2(t) = f(t, (), u(t)),
—p f:R. xXR*"xR™ - R"
\CE(O) = 20, g(x(tf)) =0 g:R" — R¢ 26




Today’s detailed schedule

1. Reuvisit the concept of L*°([0,t¢], U).

2. Reuvisit Ordinary Differential Equations (ODE): existence and uniqueness of
solutions given non smooth controls.

3. Conditions for the existence of solutions to OCP and application to the reusable
rocket landing problem.
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Today’s detailed schedule

1. Reuvisit the concept of L*°([0,t¢], U).
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Quick reminders on Lp spaces - Theory

In this course we will often deal with:

L*([0,t],U) = {u:[0,t;] - U C R™ s.t.
u(-) is measurable and

lu(:) |l < o0}
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Quick reminders on Lp spaces - Theory

In this course we will often deal with:

L*([0,t],U) = {u:[0,t;] - U C R™ s.t.
u(-) is measurable and ||u(-)||p~ < oo}

\
~ t
1. “Basically”, integrals like /0 p(s,u(s)) ds
are well-defined for every t e [0,t;] and ¢ € C°([0,ts] x R™, RY)
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Quick reminders on Lp spaces - Theory

In this course we will often deal with:

L*([0,t],U) = {u:[0,t;] - U C R™ s.t.
u(-) is measurable and ||u(-)||p~ < oo}

\
~ t
1. “Basically”, integrals like /0 p(s,u(s)) ds
are well-defined for every t e [0,t;] and ¢ € C°([0,ts] x R™, RY)

2. The “supremum” norm ||u(-)|| £ sup |Ju(t)|| is well-defined and finite.
te(0,ty]
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Quick reminders on Lp spaces - Example

In this course we will often deal with:

L*([0,t],U) = {u:[0,t;] - U C R™ s.t.
u(-) is measurable and ||u(-)||p~ < oo}

Example: bang-bang controls

m=1, U=[-1,1]CR, tg €[0,t/]
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Quick reminders on Lp spaces - Example

In this course we will often deal with:

L*([0,t],U) = {u:[0,t;] - U C R™ s.t.
u(-) is measurable and ||u(-)||p~ < oo}

Example: bang-bang controls

m = 1, Ué[—l,l]gR, tsw € (0,2y] !

—1, t <ty | N
utsw (t) é { ) t e [07 tf] th tlf
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Today’s detailed schedule

L>([0, ]

J1I

U)

2. Reuvisit Ordinary Differential Equations (ODE): existence and uniqueness of
solutions given non smooth controls.
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Reminders on ODE - Theory
From now on: u(-) € L*([0,t¢],U),

U CR™ (itmighthold U = R™ )
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Reminders on ODE - Theory

Fromnow on: wu(-) € L*([0,¢4],U),

In this course we will often deal with:

{i(t) = f(t,2(t), u(t)),
ODE

t € [O,tf], 33(0) = I

U CR™ (itmighthold U = R™ )

f:Ry xR®” x R™ — R"”
where
is “at least” continuous
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Reminders on ODE - Theory
Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)

In this course we will often deal with:

.’l?(t) — f(t,a:(t),u(t)), f:R+ XR” XRm %Rn
ODE where
t€[0,ts], x(0) ==z is “at least” continuous

1. A solution to ODE is a continuous curve z : [0,%¢] — R™ such that:

z(0) =z¢9 and z(t) = f(¢t,z(t),u(t)), fort e [0,tf]
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Reminders on ODE - Theory
Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)

In this course we will often deal with:

.’l?(t) — f(t,a:(t),u(t)), f:R+ XR” XRm %Rn
ODE where
t€[0,ts], x(0) ==z is “at least” continuous

1. A solution to ODE is a continuous curve z : [0,%¢] — R™ such that:
z(0) =z¢9 and z(t) = f(¢t,z(t),u(t)), fort e [0,tf]
(note that x(-) depends on both wu(-) and g !)
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Reminders on ODE - Theory

Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)

In this course we will often deal with:

.’l?(t) — f(t,a:(t),u(t)), f:R+ XR” XRm %Rn
ODE where
t€[0,ts], x(0) ==z is “at least” continuous

1. A solution to ODE is a continuous curve z : [0,%¢] — R™ such that:
z(0) =z¢9 and z(t) = f(¢t,z(t),u(t)), fort e [0,tf]
(note that x(-) depends on both wu(-) and g !)

2. We need to answer the following question:

Under what assumptions on f does a solution to ODE exist uniquely?
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Reminders on ODE - Theory
Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)

In this course we will often deal with:

.’l?(t) — f(t,a:(t),u(t)), f:R+ XR” XRm —>Rn
ODE where
t€[0,ts], x(0) ==z is “at least” continuous

3. Assumptions ODE - There exist z € R*anda (' function L(-) >0 such that:
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Reminders on ODE - Theory
Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)
In this course we will often deal with:

{Cb(t) :f(t7w(t)7u(t))7 f:RL xR"xR™— R"
ODE

where
t€[0,ts], x(0) ==z is “at least” continuous

3. Assumptions ODE - There exist z € R*anda (' function L(-) >0 such that:

A. || ft,z,u)| < L(||ul]), (t,u) €[0,tf] xU (u— boundness)
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Reminders on ODE - Theory
Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)
In this course we will often deal with:

{Cb(t) :f(t7w(t)7u(t))7 f:RL xR"xR™— R"
ODE

where
t€[0,ts], x(0) ==z is “at least” continuous

3. Assumptions ODE - There exist z € R*anda (' function L(-) >0 such that:
A. || ft,z,u)| < L(||ul]), (t,u) €[0,tf] xU (u— boundness)

B. ||f(t,x,u) — f(t,y,u)| < L(||lu|)||lz —yll, (t,w) € [0,tf] xU, z,y € R* (Lipschitzianity)
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Reminders on ODE - Theory
Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)

In this course we will often deal with:

{:c(t) = f(t,z(t),u(?)), f:R. xR" x R™ — R"
ODE where

t€[0,ts], x(0) ==z is “at least” continuous

3. Assumptions ODE - There exist z € R*anda (' function L(-) >0 such that:
A. || ft,z,u)| < L(||ul]), (t,u) €[0,tf] xU (u— boundness) Could be replaced with

open subset 4 C R"
B. ||f(t,x,u) — f(t,y,w)| < L(||lu|)|lz —yll, (t,w)€0,tf xU, z,y (Lipschitzianity)

43



Reminders on ODE - Theory
Fromnowon: wu(-) € L*([0,t¢],U), U CR™ (itmighthold U = R™)

In this course we will often deal with:

z(t) = f(t, z(t),u(t)), f:R. xR" x R™ — R"
ODE where

t€[0,ts], x(0) ==z is “at least” continuous

3. Assumptions ODE - There exist z € R*anda (' function L(-) >0 such that:

A |62 < L(ul), (tu) €[0,tf] x U (u— boundness) o e e

B. ||f(t,x,u) — f(t,y,w)| < L(||lu|)|lz —yll, (t,w)€0,tf xU, z,y (Lipschitzianity)

4. Theorem ODE (Existence and uniqueness of solutions to ODE).

Under Assumptions ODE, ODE has a unique solution z : [0,t¢] — R".
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Reminders on ODE - Examples

Double integrator - Used in electronic circuit modeling

N\

(y(t) = 2(t)
1, t <ty
2(t) = uyg,, (t) where  wu, (t) = { , te0,ty]

1, t>tew
t €[0,tf], z(0) = y(0) =0
¢ € [0,¢7], 2(0) = (0) (clearly i, € L*(0,¢], [~1,1) )
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Reminders on ODE - Examples

Double integrator - Used in electronic circuit modeling

(Y(t) = 2(1)

. A _]-7 t < tsw
Q 2(t) = uy (8) where  wu; () = {17 it , te0,ts]
[t €1]0,t¢], 2(0) =y(0) =0

(clearly ut,, € L=([0,t],[-1,1]) )

1. The dynamics f are:

n=2m=1, z = (y,Z), f(t,CU,U) = (z>

Uu
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Reminders on ODE - Examples

Double integrator - Used in electronic circuit modeling

(Y(t) = 2(1)

: A _]-7 t S tsw
Q 2(t) = uy (8) where  wu; () = {17 . , te0,ts]
[t €1]0,t¢], 2(0) =y(0) =0

(clearly ut,, € L=([0,t],[-1,1]) )

1. The dynamics f are:

A A [z Note that f must be
n=2m=1, z=(y,2), f(t,z,u)= [/ defined for every u € R
and not justat s (-)
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Reminders on ODE - Examples

Double integrator - Used in electronic circuit modeling

(Y(t) = 2(t)

. A _]-7 t S tsw
Q 2(t) = uy (8) where  u (t) = {17 . , te0,ts]
[t €1]0,t¢], 2(0) =y(0) =0

(clearly ut,, € L=([0,t],[-1,1]) )
1. The dynamics f are:
N Note that f must be
n=2m=1, x=(y,2), f(t,x,u) @ [/ defined forevery u € R

and notjustat w; (-) M
2. We may compute
21 — =
60,0 =l and It enn) - feenwl = | (7))

= |21 — 22| < [lz1 — 22




Reminders on ODE - Examples

Double integrator - Used in electronic circuit modeling

((t) = z(t
I ()t h (t) & b EStw 0, ¢4]
2(t) = U — 9 c |V,
Q 2(t) = uy, (t) where t L £t f
|t € [0,t], z(0) = y(0) =0

(clearly ut,, € L=([0,t],[-1,1]) )

1. The dynamics f are:

A Nz Note that f must be
n=2m=1, x= (y7 Z), f(tv L, u) — / defined for every v € R
and not justat s (-)

(7))

Assumptions ODE hold: Theorem ODE applies! = |z1 — 22| < ||z1 — 22

2. We may compute
|£t,0,0) =lul and  [[f(t,e1,u) = f(t22,0)] = ‘




Reminders on ODE - Examples

Reusable rocket dynamics

. v
4y |(t) = % — g, | (t) with controls  u(-) € L*>([0,t¢],U),
m —QH’U,H = {U cR3:0< Umin < HUH < umax}

(r,v,m)(0) = (rg, vg, myo)
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Reminders on ODE - Examples

Reusable rocket dynamics

. v
4y |(t) = % — g, | (t) with controls  u(-) € L*>([0,t¢],U),
m —QH’U,H = {U cR3:0< Umin < HUH < umax}

(r,v,m)(0) = (rg, vg, myo)

It's your turn: By restricting the analysis in the subset {(r,v,m): m > my, > 0} C R?,
show existence and uniqueness of solutions to this ODE (5-10 minutes)

51



Reminders on ODE - Examples

Reusable rocket dynamics

. v
4y |(t) = % — g, | (t) with controls  u(-) € L*>([0,t¢],U),
m —QH’U,H = {U cR3:0< Umin < HUH < umax}

(r,v,m)(0) = (rg, vg, myo)

It's your turn: By restricting the analysis in the subset {(r,v,m): m > my, > 0} C R?,
show existence and uniqueness of solutions to this ODE (5-10 minutes)

Solution: See the blackboard for details.
| £(2, (0,0, muin), w)| < llg | + (a+ Z=)[lul and
TmaXHUH

£t 1, u) — f(E, 2, u)| < max (1, T) |z1 — 2] = Theorem ODE applies! o

min




Today’s detailed schedule

3. Conditions for the existence of solutions to OCP and application to the reusable
rocket landing problem.
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Existence of solutions to OCP - Theory

Cost (functional)

min_ k) + [ (a0, u(0) de

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

Lz(0) = xo, g(z(tf)) =0
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Existence of solutions to OCP - Theory

Cost (functional) 1. From now on, we assume for
. A every fixed control u(-) € L®([0,t/],U)
(IglelrLl h(z(ts)) + fo(t,x(t),u(t)) dt ODE has a unique sol. z, : [0,/ — R™
ul(- o0 0

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

Lz(0) = xo, g(z(tf)) =0 .




Existence of solutions to OCP - Theory

Cost (functional) 1.

min_ k) + [ (a0, u(0) de

(Control) constraints 2.

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

\2(0) = zo, g(z(tf)) =0

From now on, we assume for
every fixed control u(-) € L®([0,t/],U)
ODE has a unique sol. z, : [0,tf] — R"

OCP is called feasible if there
exists at least one u(-) € L*>([0,t¢],U)
such that the corresponding curve
z, : [0,tf] —» R™ satisfies g(z,(tf)) =0
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Existence of solutions to OCP - Theory

Cost (functional) 1.

min_ k) + [ (a0, u(0) de

(Control) constraints 2.

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

y £(t) = f(t,2(t), u(?)),

z(0) =z, g(z(tf)) =0

(z(t) e R, te0,ty], 3.

From now on, we assume for
every fixed control u(-) € L®([0,t/],U)
ODE has a unique sol. z, : [0,tf] — R"

OCP is called feasible if there
exists at least one u(-) € L*>([0,t¢],U)
such that the corresponding curve
z, : [0,tf] —» R™ satisfies g(z,(tf)) =0

Key question: Under what
conditions a feasible OCP

has at least one optimal (control)
solution w*(:) € L*([0,t4],U) ?
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Existence of solutions to OCP - Theory

Cost (functional) 1. From now on, we assume for
. ty 0 every fixed control u(-) € L>([0,t],U)
u(rglé%oo h(z(ty)) + . (¢, z(t),u(t)) dt ODE has a unique sol. z,, : [0,t;] — R"
(Control) constraints 2. OCP is called feasible if there
exists at least one u(-) € L*>([0,t¢],U)
U(t) cU C Rma t € [07 tf] such that the corresponding curve

z, : [0,tf] —» R™ satisfies g(z,(tf)) =0
Dynamics + initial/final conditions

( 3. Key question: Under what
x(t) e R*. te€|0.t
(t) ’ 0, f]’ conditions a feasible OCP

i has at Ieas.one pptimal (control)
¢ 2(t) = f(t, z(t), u(t)), <mm9°([o,tf],v> ?
\m(O) = T, g(a:(tf)) =0 Maybe more than one!!! 58




Existence of solutions to OCP - Theory

Assumptions Existence OCP
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Existence of solutions to OCP - Theory

Assumptions Existence OCP

1. The control set U C R™ is compact and the final time %y is fixed
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Existence of solutions to OCP - Theory
Can be relaxed...
Assumptions Existence OCP <

1. The control set U C R™ is compact and the final time(tf is fixed)
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Existence of solutions to OCP - Theory
Can be relaxed...
Assumptions Existence OCP <

1. The control set U C R™ is compact and the final time(tf is fixed)

2. All the mappings h, f°, f, and g are C'!, and Assumptions ODE hold
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Existence of solutions to OCP - Theory

Can be relaxed...
Assumptions Existence OCP <

1. The control set U C R™ is compact and the final time(t F 1S fixed)

2. All the mappings h, f°, f, and g are C'!, and Assumptions ODE hold

3. The epigraphs of extended velocities are convex for every (¢t,z) € [0,tf] x R":

A f(t,z,u) . _—
Vise) = {<f0(t,w,U)+’y) wel,yz0p R
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Existence of solutions to OCP - Theory

Can be relaxed...
Assumptions Existence OCP <

1. The control set U C R™ is compact and the final time(t F 1S fixed)

2. All the mappings h, f°, f, and g are C'!, and Assumptions ODE hold

3. The epigraphs of extended velocities are convex for every (¢t,z) € [0,tf] x R":

A f(t,z,u) . _—
Vise) = {<f0(t,w,U)+’y) wel,yz0p R

Theorem Existence OCP (Existence of solutions to OCP).

Under the previous Assumptions Existence OCP, a feasible OCP has at least one
optimal solution w*(-) € L*([0,t¢],U), with optimal trajectory - : [0,t] — R™
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Existence of solutions to OCP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

Ly
min / u(t)? dt, t; > 0 fixed
u()eL=([0t,[-1,1))  Jo

{y(t) = z((t)) with {y(O) =1, z(O):

y(ty) = 2(ty)

0

0
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Existence of solutions to OCP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

Ly
min / u(t)? dt, t; > 0 fixed
u()eL=([0t,[-1,1))  Jo

{z:/(t)zzit)) it {y(0)=1, 2(0)

y(ty) = 2(ty) =0

“Reach the origin with zero final
0 velocity and minimal energy”
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Existence of solutions to OCP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
. moin o / u(t)? dt, t; > 0 fixed
ul: o0 7t [T . s . .

er=ibad=Li) - Jo “Reach the origin with zero final

i(t) = (1) | y(0) =1, 2(0)=0 velocity and minimal energy”
with y(ts) = 2(ty) =0

By assuming OCP is feasible, let us check Assumptions Existence OCP hold:
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Existence of solutions to OCP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
. moin o / u(t)? dt, t; > 0 fixed
ul: o0 7t [T . s . .

er=ibad=Li) - Jo “Reach the origin with zero final

i(t) = (1) | y(0) =1, 2(0)=0 velocity and minimal energy”
with y(ts) = 2(ty) =0

By assuming OCP is feasible, let us check Assumptions Existence OCP hold:

1. The control set U =[-1,1] is compact (and the final time is clearly fixed)
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Existence of solutions to OCP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
. moin o / u(t)? dt, t; > 0 fixed
ul: o0 7t [T . s . .
er=ibad=Li) - Jo “Reach the origin with zero final

i(t) = (1) | y(0) =1, 2(0)=0 velocity and minimal energy”
with y(ts) = 2(ty) =0

By assuming OCP is feasible, let us check Assumptions Existence OCP hold:

1. The control set U =[-1,1] is compact (and the final time is clearly fixed)

2. We already checked Assumptions ODE hold. In addition, by denoting = = (v, 2)
the mappings h(z) =0, fO(t,z,u) =u?, f(t,z,u) = (z,u), and g(z) =z are C'!
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Existence of solutions to OCP - Examples

3. It remains to show the convexity of the following sets, for every (¢,z) € [0,%] x R?:

) e N D)
o= (s )= o ) eeranroj e

u® + 7y
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Existence of solutions to OCP - Examples

3. It remains to show the convexity of the following sets, for every (¢,z) € [0,%] x R?:

) e N D)
Vie) = {(fo(t,zc,u)+’7) N ( ) uelbl 7>0} ~E

u? + Y
Proof: ¢ ‘
" Fix (t,z) € [0,tf]] x R* andlet X e (0,1), ur |, uy | € V(t, )

u? + v u3 + v2
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Existence of solutions to OCP - Examples

3. It remains to show the convexity of the following sets, for every (¢,z) € [0,%] x R?:

) e N D)
Vie) = {(fo(t,zc,u)+’7) N ( ) uelbl 7>0} ~E

u? + Y
Proof: ¢ ‘
" Fix (t,z) € [0,tf]] x R* andlet X e (0,1), ur |, uy | € V(t, )

u? + v u3 + v2

Then wus = Auq + (1 — )\)uz S [—1, 1]
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Existence of solutions to OCP - Examples

3. It remains to show the convexity of the following sets, for every (¢,z) € [0,%] x R?:

z

V(t’ ZB) - <f0(€(tx,m;;:_ ')’) - u PuE [_17 1]7 Y >0, C R3
y Ly ’U,2 +
yA z
Proof. Fix (t,z) €[0,tf] x R* andlet Xe€(0,1), ( ug ), ( U ) c V(t,x)
ui + uj + 2

Then us £ Aui + (1 — Ausy € [-1,1], and since the function u — u?
is convex, we have that 73 = My1 + (1 — A)y2 + (Au? + (1 — Nu2 —u?) >0
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Existence of solutions to OCP - Examples

3. It remains to show the convexity of the following sets, for every (¢,z) € [0,%] x R?:

f(t, z,u) °
7m7u
V(t,z) = <0 ): U cue[-1,1,y>0, CR?
it z,u) + 2
u® + 7y
Proof: ¢ ‘
" Fix (t,z) € [0,tf]] x R* andlet X e (0,1), ur |, uy | € V(t, )
ui + 71 uj + 2

Then us £ Aui + (1 — Ausy € [-1,1], and since the function u — u?
is convex, we have that 73 = My1 + (1 — A)y2 + (Au? + (1 — Nu2 —u?) >0

Thus 2 z z
)\( (5] )—i—(l—)\)( U )( us )EV(t,J?)
u? + 71 u3 + 72 uz +7s
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Existence of solutions to OCP - Examples

3. It remains to show the convexity of the following sets, for every (¢,z) € [0,%] x R:

f(t, z,u) °
7m7u
V(t,z) = <0 ): U cue[-1,1,y>0, CR?
it z,u) + 2
u® + 7y
Proof: ¢ ‘
" Fix (t,z) € [0,tf]] x R* andlet X e (0,1), ur |, uy | € V(t, )
ui + 71 uj + 2

Then us £ Aui + (1 — Ausy € [-1,1], and since the function u — u?
is convex, we have that 73 = My1 + (1 — A)y2 + (Au? + (1 — Nu2 —u?) >0

Thus P e 2
A U1 +(1-2X) Uz = u3 e V(t,x)
u%+’)’1 u%+’)’2 u§+’73

Theorem Existence OCP applies: if feasible, this OCP has at least one solution! 75




Existence of solutions to OCP - Examples

Original problem:

Minimal fuel use reusable rocket landing

min — m(ty)
u

0 < upn < Hu(t)H < Umax

& (’0) (t) = (% gr) ()
m —q|lull

(r,v,m)(0) = (rg, vo, mg),
(r7 v)(tf) — (070)
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Existence of solutions to OCP - Examples

Original problem: New problem:

Minimal fuel use reusable rocket landing Minimal energy reusable rocket landing

min — m(ty)
u

0 < upn < Hu(t)H < Umax

r v
alv ]|t =|"=t—g |
m —q||ul]

(r,v,m)(0) = (rg, vo, mg),
(r7 v)(tf) — (070)
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Existence of solutions to OCP - Examples

Original problem: New problem:

Minimal fuel use reusable rocket landing Minimal energy reusable rocket landing

ty
in — i t)||> dt, t;> 0 fixed
min — m(ty) " ueLOEI(l[%)%f],U) /0 |u(t)]|® dt, tf ixe

u

0 < upn < Hu(t)H < Umax

r v
alv ]|t =|"=t—g |
m —q||ul]

(r,v,m)(0) = (rg, vo, mg),
(r7 v)(tf) — (070)
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Existence of solutions to OCP - Examples

Original problem: New problem:
Minimal fuel use reusable rocket landing Minimal energy reusable rocket landing
@) dt, ;> 0 fixed
in — mf(t /\ min / u(t t, tr> 0fixe
min —m(ts) weL=(0,t0,0)  Jo d
0 < Umin < [[u(t)]| < Umax UZ2{ucR: ||ul] <upa} CR?
r v
v |@ == —g |
m —q|[ul]

(7‘, v, m) (O) — (T07 Vo, m()),
(r7 ’U) (tf) — (07 0)
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Existence of solutions to OCP - Examples

Original problem: New problem:
Minimal fuel use reusable rocket landing Minimal energy reusable rocket landing
in — 2dt, t;> 0fixed
min m(t) /\ ueLointl)Iif / |u(t)]|® dt, tf> 0 fixe
0 < Upin < Hu(t)H < Umax U {u < RS HUH < umax} C Rg
(Y
d ' Tnaxt d r v(t)
a |V (t) =\ —m " 9r (t) d_t (t) — Tmaxu(t)
m . v — — Gr
ql|ul m

(r,v,m)(0) = (ro, vo, Mo), (r,v)(0) = (70, v0)
) = (0.0 (r0)(ts) = (0,0) .



Existence of solutions to OCP - Examples

Original problem: New problem:

Minimal fuel use reusable rocket landing Minimal energy reusable rocket landing
min — m(t) T min / lu@)|? dt, t; > 0 fixed
0 < Upin < Hu(t)H < Umax U {u < RS HUH < umax} C Rg

r v d /r v(t)
0 [ O [ S HWLE (Tmaxuu) g)
el @ Some fixed
(r,v,m)(0) = (rg, v, My), (r,v)(0) = (ro, vo) \_/ mass!
ry0)ter) = (0,0) (r,v)(ts) = (0,0) ;



Existence of solutions to OCP - Examples

Minimal energy reusable rocket landing
ty

min |u(t)||® dt, t; > 0 fixed
ueL>([0,tf],U) 0

o(t) _
L . d (r . (r,v)(0) = (o, vo)
U2 e R Jul < uma B ()0 (Tmaxu(t) - gr) {o«, )(t) = (0,0)

It's your turn: By assuming that this OCP is feasible, show Assumptions Existence OCP
hold true, so that OCP has at least one optimal solution (10/15 minutes).
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Existence of solutions to OCP - Examples

Minimal energy reusable rocket landing
ty

min |u(t)||® dt, t; > 0 fixed
ueL>([0,tf],U) 0

v(t) =
) | q /r B (r,v)(0) = (rg, vo)
UL weR: ful Sumd B 5 (0)0)- (Tmax’“(” . gr) {m D(tf) = (0,0

It's your turn: By assuming that this OCP is feasible, show Assumptions Existence OCP
hold true, so that OCP has at least one optimal solution (10/15 minutes).

Solution: See the blackboard for details.

1. The control set is clearly compact and the final time is clearly fixed
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Existence of solutions to OCP - Examples

Minimal energy reusable rocket landing
ty

min |u(t)||® dt, t; > 0 fixed
ueL>([0,tf],U) 0

v(t) =
) | q /r B (r,v)(0) = (rg, vo)
UL weR: ful Sumd B 5 (0)0)- (Tm’““) . gr) {(r, D(tf) = (0,0

It's your turn: By assuming that this OCP is feasible, show Assumptions Existence OCP
hold true, so that OCP has at least one optimal solution (10/15 minutes).

Solution: See the blackboard for details.

1. The control set is clearly compact and the final time is clearly fixed
2. We already checked Assumptions ODE hold. Also, by denoting z = (r,v) € RS

v(t
the mappings h(z) = 0, f'(t,2,u) = [|ul%, f(t,2,u) = <Tmaxu<f>) ) 9(z) =z are O
84
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Existence of solutions to OCP - Examples

Minimal energy reusable rocket landing
ty

min |u(t)||® dt, t; > 0 fixed
ueL>([0,tf],U) 0

v(t) =
) | q /r B (r,v)(0) = (rg, vo)
UL weR: ful Sumd B 5 (0)0)- (Tm’““) . gr) {(r, D(tf) = (0,0

It's your turn: By assuming that this OCP is feasible, show Assumptions Existence OCP
hold true, so that OCP has at least one optimal solution (10/15 minutes).

Solution: See the blackboard for details.

1. The control set is clearly compact and the final time is clearly fixed
2. We already checked Assumptions ODE hold. Also, by denoting z = (r,v) € RS

v(t
the mappings h(z) = 0, f'(t,2,u) = [|ul%, f(t,2,u) = <Tmaxu<f>) ) 9(z) =z are O
85

m r

3. Replicate the argument in the previous example.



Course schedule

2. Optimality Conditions for OCP: the Maximum Principle and structure of optimal
controls; application to reusable rocket landing (next class).
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End of lecture 1

Questions?
Otherwise, see you in two weeks!
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