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Course schedule

1.

Optimal Control Problems (OCP): review of ordinary differential equations;
existence of solutions to OCP.

Optimality Conditions for OCP: the Maximum Principle and structure of optimal
controls; application to reusable rocket landing.

Python Session 1: real-world reusable rocket landing.

Python Session 2: training of neural networks through NeuralODE
(this application might change depending on the course first outcomes).

Final presentation of the results.



Course schedule

2. Optimality Conditions for OCP: the Maximum Principle and structure of optimal
controls; application to reusable rocket landing (today).



Recap

Cost (functional)

min_ k) + [ (a0, u(0) de

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

\2(0) = zo, g(z(tf)) =0




Recap

Cost (functional) 1.  We studied conditions under which
. ty 0 ODE has a unique sol. z, : [0,tf] — R"
min h(z(ty)) + | f (¢, z(t),u(t)) dt for any fixed u(-) € L®([0,44],U) .
ul - x© 0

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

L z(0) = 0, g(z(ty)) =0 :
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Cost (functional)

min_ k) + [ (a0, u(0) de

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

\2(0) = zo, g(z(tf)) =0

We studied conditions under which
ODE has a unique sol. z, : [0,tf] — R"
for any fixed u(-) € L=([0,t],U) .

We studied conditions under which

feasible OCP have at least one

optimal solution u*(-) € L*([0,t4],U),

with corresponding optimal trajectory
x* [O,tf] — R”
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Recap

Cost (functional)

min_ k) + [ (a0, u(0) de

(Control) constraints

u(t) e U CR™, te|0,ty]

Dynamics + initial/final conditions

(z(t) e R™, te]0,t4],
Q &(8) = f(E, 2(8), u(?)),

\2(0) = zo, g(z(tf)) =0

We studied conditions under which
ODE has a unique sol. z, : [0,tf] — R"
for any fixed u(-) € L=([0,t],U) .

Assumed from now on!
We studied-conditions-underwhi '7

feasiblg OCP have at least one
optimaksolution u*(-) € L>([0,t/],U)
with corréespondimeoptine i

Today’s topic: characterize optimal
solutions w*(-) € L*([0,t],U) to OCP
via necessary conditions of
optimality.
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Today’s detailed schedule

1.  Necessary conditions for optimality: the Pontryagin Maximum Principle (PMP).
2. Learn how to apply the PMP through simple optimal control problems.

3. Characterize optimal controls for the reusable rocket landing problem.
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Today’s detailed schedule

1.  Necessary conditions for optimality: the Pontryagin Maximum Principle (PMP).
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The PMP - Theory

Recall OCP: .
ts . z(t) €R™, t€0,tg], r Rh:l}i _)E .
I Ry X R®" X R™ —
i M) TGO A sy, Where

f:R. xR" xR™ —» R"”
u(t) €U CR™, te(0,t] 2(0) = 20, g(a(ts) =0 g:R" > R
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The PMP - Theory

Recall OCP: )
ty z(t) e R, tel0,ty], 0 h:R* - R
in h(z(ts)) + 0(t, z(t), u(t)) dt FOrRy xR xR™ = R
S Mot [ 720, u) B(0) = flta(o)u),  WHEre L e ke
u(t) e U CR™, te|0,ty] z(0) =z, g(z(tf)) =0 g:R" — R

Key insight: OCP is a (infinite-dimensional) constrained optimization problem.

min C(u), s.t. E(u) =0

uel
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The PMP - Theory

Recall OCP: )
ty z(t) e R, tel0,ty], 0 h:R* - R
in h(z(ts)) + 0(t, z(t), u(t)) dt FOrRy xR xR™ = R
S Mot [ 720, u) B(0) = flta(o)u),  WHEre L e ke
u(t) e U CR™, te|0,ty] z(0) =z, g(z(tf)) =0 g:R" — R

Key insight: OCP is a (infinite-dimensional) constrained optimization problem.

151615{1 C(u), s.t. E(u) =0 7

dC(u*) + A-dE(u*) =0, A= Lagrange multiplier
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The PMP - Theory

Recall OCP: )
ty z(t) e R, tel0,ty], 0 h:R* - R
in h(z(ts)) + 0(t, z(t), u(t)) dt FOrRy xR xR™ = R
S Mot [ 720, u) B(0) = flta(o)u),  WHEre L e ke
u(t) e U CR™, te|0,ty] z(0) =z, g(z(tf)) =0 g:R" — R

Key insight: OCP is a (infinite-dimensional) constrained optimization problem.

151615{1 C(u), s.t. E(u) =0 7

dC(u*) + A-dE(u*) =0, A= Lagrange multiplier

~—

Let us introduce such conditions for optimality for

OCP, and characterize optimal controls!
15



The PMP - Theory

Recall OCP:
ty z(t) €R", t€[0,t4], 0 h:R" =R
in h(z(te) + Ot x(t), ult)) dt FfO:R, xR" xR™ > R
e Ml f T2, uld) B(0) = f(ha)ue),  WHere R R
u(t) e U CR™, te|0,ty] z(0) =z, g(z(ty)) = g:R" — R

1. Let us introduce the Hamiltonian:

H(t,z,u,p,p°) = p" f(t,z,u) +p°fO(t,z,u), teR,, 2 € R, ueR™ peR", p’eR
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The PMP - Theory

Recall OCP:
t z(t) e R™, te0,ty], h:R" =R
h(z(ts)) + 0(t, z(¢), u(t)) dt FO:R, xR"xR™ =R
(r];lelrLloo (z( f)) ) ot z(t), u(t)) i(t) = £(t, 2(t), u(t)), where . R:X e
u(t) e U CR™, te|0,ty] z(0) =z, g(z(tf)) =0 g:R" — R
1. Let us introduce the Hamiltonian: New variables: multipliers!

H(t,z,u,p,p" :@ft:cu@ (t, z,u), t€R+,m€R",uERm(pER”,p ER)\j
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The PMP - Theory

Recall OCP: .
t z(t) e R™, te0,ty], 0 h:R" =R
h(z(ts)) + 0(t, z(¢), u(t)) dt FO:R, xR"xR™ =R
(r];lelrLloo (z(ty)) ) ot z(t), ul(t)) i(t) = £(t, 2(t), u(t)), where . R:X e
u(t) e U CR™, te|0,ty] z(0) =z, g(z(tf)) =0 g:R" — R
1. Let us introduce the Hamiltonian: New variables: multipliers!

H(t,z,u,p,p" :@ft:cu@ (t, z,u), t€R+,m€R",uERm(pER”,p ER)\j

2. Forany fixed u(-) € L*([0,t4],U) (and z, : [0,t;] — R"), and fixed p° € R and p € R,
the adjoint vector is the continuous curve p, : [0,t¢] — R™ sol. to the adjoint system:
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The PMP - Theory

Recall OCP: .
t z(t) e R™, te0,ty], 0 h:R" =R
h(z(ts)) + 0(t, z(¢), u(t)) dt FO:R, xR"xR™ =R
(r];lelrLloo (z(ty)) ) ot z(t), ul(t)) i(t) = £(t, 2(t), u(t)), where . R:X e
u(t) e U CR™, te|0,ty] z(0) =z, g(z(tf)) =0 g:R" — R
1. Let us introduce the Hamiltonian: New variables: multipliers!

H(t,z,u,p,p" :@ft:cu@ (t, z,u), t€R+,m€R",uERm(pER”,p ER)\j

2. Forany fixed u(-) € L*([0,t4],U) (and z, : [0,t;] — R"), and fixed p° € R and p € R,
the adjoint vector is the continuous curve p, : [0,t¢] — R™ sol. to the adjoint system:

rpu(t) — _va(ta mu(t),u(t),pu(t),po),

pu(ts) = p°Vih(zu(tr))
L +pTJw9($U(tf)) c R”
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The PMP - Theory

Recall OCP: .
t z(t) e R™, te0,ty], 0 h:R" =R
h(z(ts)) + 0(t, z(¢), u(t)) dt FO:R, xR"xR™ =R
(r];lelrLloo (z(ty)) ) ot z(t), ul(t)) i(t) = £(t, 2(t), u(t)), where . R:X e
u(t) e U CR™, te|0,ty] z(0) =z, g(z(tf)) =0 g:R" — R
1. Let us introduce the Hamiltonian: New variables: multipliers!

H(t,z,u,p,p" :@ft:cu@ (t, z,u), t€R+,m€R",uERm(pER”,p ER)\j

2. Forany fixed u(-) € L*([0,t4],U) (and z, : [0,t;] — R"), and fixed p° € R and p € R,
the adjoint vector is the continuous curve p, : [0,t¢] — R™ sol. to the adjoint system:

(pu(t) - _VIH(t7 $u(t), U(t),pu(t),po), Key comments:

) 3 V.H = gradient w.r.t. z
pu(tf) — povxh(mu(tf)) " Jpg = Jacobian w.r.t. x

\ +p ' Jog(zy(ty)) € R™
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The PMP - Theory

Recall OCP: .
t z(t) e R™, te0,ty], 0 h:R" =R
h(z(ts)) + 0(t, z(¢), u(t)) dt FO:R, xR"xR™ =R
(n)lel%oo (z(ty)) ) fr(t,z(t),u(t)) i(t) = £(t, 2(t), u(t)), where . R:X e
u(t) e U CR™, te|0,ty] z(0) = zg, g(z(tf)) =0 g:R" — R
1. Let us introduce the Hamiltonian: New variables: multipliers!

H(t,z,u,p,p" :@ft:cu@ (t, z,u), t€R+,m€R",uERm(pER”,p ER)\j

2. Forany fixed u(-) € L*([0,t4],U) (and z, : [0,t;] — R"), and fixed p° € R and p € R,
the adjoint vector is the continuous curve p, : [0,t¢] — R™ sol. to the adjoint system:

Pu(t) = —VoH(t, zu(t), u(t), pu(t),p"),)  Key comments:

3 V.H = gradient w.r.t. z
pu(tf) — povwh(mu(tf)) " Jpg = Jacobian w.r.t. x

+p " Jeg(zu(ty)) € R") b. Backward linear ODE: unique

\/ solution exists 21




The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:
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The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:

a. Adjoint and adjoint system:

Let p* : [0,tf] — R™ be the unique solution the the adjoint system:
{p*(t) — _va(tvm*(t)7U*(t)7p*(t)7pO)a
p*(ts) = p’Vah(z*(t)) + p' Jog(z*(ty))
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The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:

a. Adjoint and adjoint systeV" Called the adjoint
Le(p O tf — R’Dbe the unique solution the the adjoint system:

{15*( ) = =V H(t,z*(t),u*(t), p*(t), "),
p*(ty) = p"Voh(z*(ty)) + ' Jeg(z*(ts))
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The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:

a. Adjoint and adjoint systeV" Called the adjoint
Le(p O tf — R’Dbe the unique solution the the adjoint system:

{15 ( ) —V; H t(z” Evaluated at the

p'V h»Jr pTJ o optimal pair!
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The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:

a. Adjoint and adjoint systeV" Called the adjoint
Le(p O tf — R’Dbe the unique solution the the adjoint system:

{P ( ) —V; H t(z” Evaluated at the

p'V h»Jr pTJ o optimal pair!

b. Non-triviality: (p*(t),p°) # 0 forall t € [0,]
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The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:

a.

Adjoint and adjoint systeV—> Called the adjoint

Le(p O tf — R’Dbe the unique solution the the adjoint system:

{P ( ) —V; H t(z” Evaluated at the

p'V h»Jr pTJ o optimal pair!

Non-triviality: (p*(t),p") # 0 for all t € [0, /]

Maximality condition: w*(t) € argmax H(t, z*(t),u, p*(t), p°)

uclU
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The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:

a.

Adjoint and adjoint systeV—> Called the adjoint

Le(p O tf — R’Dbe the unique solution the the adjoint system:

{P ( ) —V; H t(z” Evaluated at the

p'V h»Jr pTJ o optimal pair!

Non-triviality: (p*(t),p") # 0 for all t € [0, /]

Maximality condition: w*(t) € argmax H(t, z*(t),u, p*(t), p°)

uelU
Final condition (only if ¢ is free!!!): max H(ts,z*(ts),u,p*(ts),p’) =0

uelU 28




The PMP - Theory

3. Theorem PMP (necessary conditions for optimality).

Let (u*,x*) be an optimal control-trajectory pair solution to OCP. There exists a
pair (p°,p) € {—1,0} x R? such that the following conditions hold true:

a.

Adjoint and adjoint system:

Let p* : [0,tf] — R™ be the unique solution the the adjoint system:

{p*(t) — _va(tam*(t)7U*(t)7p*(t)7pO)a 4/\

Used to find
* _ 0 * T *
p'(t) = pOVh(a (t7)) + b Jugle (£1)) sr s
Non-triviality: (p*(t),p°) # 0 for all ¢ € [0,¢/] y~ of u’ )
Maximality condition:(u*(t) € argmax H(t,z*(t), u, p*( )

uelU 29

n-
Final condition (only if ¢ ; is free!!!):(max H(ts,x*(ts), u,p*(ts),p O




Today’s detailed schedule

2. Learn how to apply the PMP through simple optimal control problems.
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)? dt, t; > 0 fixed
U’(')ELOO([Oatf]’[gl’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

2(t) = u(t) y(ty) = 2(ty) =0
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)2 dt, ty> 0 fixed
U’(')ELOO([Oatf]’[—l’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

o

Assuming that there exists an optimal control-trajectory pair (u*,x*), let us apply the

PMP and find computationally simpler forms of optimal controls. There are 3 steps:
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)? dt, t; > 0 fixed
u(')ELOO([Oatf]’[—l’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

o

Assuming that there exists an optimal control-trajectory pair (u*,x*), let us apply the
PMP and find computationally simpler forms of optimal controls. There are 3 steps:

1. Write the Hamiltonian:
= (y,2) ER? weR, p=(py,p.) €R? p’e{0,-1}
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

’u,(')ELOO([O,tf
{y(t) = 2(t) . {y(O) =1, 2(0)=0
with

£(t) = ul(t) y(ty) = 2(ty) =

ty
min / u(t)2 dt, ty> 0 fixed
]’[—1’1]) 0

o

Assuming that there exists an optimal control-trajectory pair (u*,x*), let us apply the
PMP and find computationally simpler forms of optimal controls. There are 3 steps:

1. Write the Hamiltonian:
z= (y,2) €R? uweR, p=(py,p.) €R? p’e€{0,-1}
h(z) =0, fO»t,z,u)=u? f(t,z,u)=(zu), g(z)=(y,2)
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)? dt, t; > 0 fixed
u(')ELOO([Oatf]’[—l’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

o

Assuming that there exists an optimal control-trajectory pair (u*,x*), let us apply the
PMP and find computationally simpler forms of optimal controls. There are 3 steps:

1. Write the Hamiltonian:
= (y,2) €eR%, weR, p=(p,p.) €R? p’e{0,-1}
h(z) =0, fO(t,z,u) =2, f(t,z,u)=(zu), g9(z)=(y,2)
H(t,z,u,p,p’) =p' f(t,z,u) + p°f°(t, z,u) = pyz + p.u + p’u’
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The PMP - Examples

2. Given the Hamiltonian H(t,z,u,p,p") = pyz + p,u + p’u?, there exist a

vector p € R? and an adjoint p* : [0, 7] — R*satisfying the adjoint system:
{p*(t) — _va(t7x*(t)7U*(t)7p*(t)ap0)a
p*(ty) = P°Voh(z*(ty)) +p ' Jug(z*(ty))

36



The PMP - Examples

2. Given the Hamiltonian H(t,z,u,p,p") = pyz + p,u + p’u?, there exist a

vector p € R? and an adjoint p* : [0,%+] — R2satisfying the adjoint system:
p p y Uf

{P*(t) = =V H(t,z*(t),u*(t),p*(t), "),
p*(ty) = p"Veh(z*(ty)) +p' Jog(z*(ty))

In particular, we compute
8H

a. C;(t)) 6y ——(t,z"(¢), u*(t),p*(t),pg) ( 0 )
A w000 Y

37



The PMP - Examples

2. Given the Hamiltonian H(t,z,u,p,p") = pyz + p,u + p’u?, there exist a

vector p € R? and an adjoint p* : [0, 7] — R*satisfying the adjoint system:
{p*(t) — _va(t7x*(t)7U*(t)7p*(t)ap0)a
p*(ty) = P°Voh(z*(ty)) +p ' Jug(z*(ty))

In particular, we compute

a. C;(t)> %Ij(tm (t), u*(t), p*(t),p") ( 0 )
R RN RN o) AR

b P () =PV (0) g (1)) = (b (1) = ()
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The PMP - Examples

2. Given the Hamiltonian H(t,z,u,p,p") = pyz + p,u + p’u?, there exist a

vector p € R? and an adjoint p* : [0, 7] — R*satisfying the adjoint system:
{p*(t) — _va(t7x*(t)7U*(t)7p*(t)ap0)a
p*(ty) = P°Voh(z*(ty)) +p ' Jug(z*(ty))

In particular, we compute

O0H Oy () o0
a. CyEZD: gz,(t "(t),u"(t),p"(t),p") :(_pg(t))

O 0,0 (0,0 (),0)
b P () =PV (0) g (1)) = (b (1) = ()

Thus: PZ(t) = Py, p;(t) =9, + py(tf — t), t € [O,tf]
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The PMP - Examples

3. Given the Hamiltonian H(t,x,u,p,p") = pyz + p,u + p’u? and the adjoint
p,(t) = by, p3(t) =p.+py(t; — ), solve the maximality condition

u*(t) € argmax H(t,z*(t), u,p*(t), p°)

uclU
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The PMP - Examples

3. Given the Hamiltonian H(t,x,u,p,p") = pyz + p,u + p’u? and the adjoint
p,(t) = by, p3(t) =p.+py(t; — ), solve the maximality condition

u*(t) € argmax H(t,z*(t), u,p*(t), p°)

uelU
and the final condition (only if £ is free!)

max H(ts,z" (), u,p*(t7),p") = O
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The PMP - Examples

3. Given the Hamiltonian H(t,x,u,p,p") = pyz + p,u + p’u? and the adjoint
p,(t) = py, P3(t) =p.+py(t; — 1), solve the maximality condition

u*(t) € argmax H(t,z*(t), u,p*(t), p°)

uelU
/\ Final time is

is free!)
max H(ts,x p*(ts),p°) = fixed in this
v example!

and the final condition (only i
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The PMP - Examples

3. Given the Hamiltonian H(t,x,u,p,p") = pyz + p,u + p’u? and the adjoint
p,(t) = py, P3(t) =p.+py(t; — 1), solve the maximality condition

— u*(t) € argmax H(t,z*(t), u,p*(t), p°)

uelU
/\ Final time is

is free!)
max H(ts,x p*(ts),p°) = fixed in this
ue example!

and the final condition (only i

Need to find solutions to the finite-dimensional optimization:

argmax H(t, z*(t),u,p*(t),p") = argmax (p}(t)u + pu
uelU ue[—1,1]

where p’ € {0,—1}
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The PMP - Examples

3. Given the Hamiltonian H(t,x,u,p,p") = pyz + p,u + p’u? and the adjoint
p,(t) = py, P3(t) =p.+py(t; — 1), solve the maximality condition

— u*(t) € argmax H(t,z*(t), u,p*(t), p°)

uelU
/\ Final time is

is free!)
max H(ts,x p*(ts),p°) = fixed in this
ue example!

and the final condition (only i

Need to find solutions to the finite-dimensional optimization:

argmax H(t,z*(t), u,p"(t),p") = argmax (pi(t)u + p"u?) 4
uelU ue[—1,1]

where p’ € {0,—1}




The PMP - Examples

3. Given the Hamiltonian H(t,x,u,p,p") = pyz + p,u + p’u? and the adjoint
p,(t) = py, P3(t) =p.+py(t; — 1), solve the maximality condition

— u*(t) € argmax H(t,z*(t), u,p*(t), p°)

uelU
/\ Final time is

is free!)
max H(ts,x p*(ts),p°) = fixed in this
ue example!

and the final condition (only i

Need to find solutions to the finite-dimensional optimization:

argmax H(t,z*(t),u, p*(t),p") = argmax (p}(t)u + p"u?) 4
uelU ue[—1,1]
h 0c{0,-1 _
where p” € { ; Solutions depend
on the value of p° ! - T\ .




The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

46



The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

a. Case p’=-1

Maximizing a parabola:

u*(t) = argmax (p}(t)u — u?)
ue[—1,1]



The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)

uelU ue[—1,1]

a. Case p’ = -1

Maximizing a parabola: maximum at the vertex if in [-1,1]

u*(t) = argmax (p}(t)u — u?)
ue[—1,1]
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The PMP - Examples

Let us solve: argmax H(t,z*(t), u,p*(t),p") = argmax (p*(t)u + p’u?)

uelU

a. Case p’ = -1

ue[—1,1]

Maximizing a parabola: maximum at the vertex if in [-1,1]

u*(t) = argmax (p}(t)u — u?) = <
ue[—1,1]

( p;(t)

\

2

1

if

(¢
Ly, g B

TRV

Y

< -1

* (¢
pz()>1
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The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

b. Case p’ =0
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The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

b. Case p’ =0
Maximizing a straight line in [-1,1]

u*(t) = argmax pi(t)u ;
ue[—1,1] !




The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

b. Case p’ =0
Maximizing a straight line in [-1,1]
(—1, ifpi(t) <O

u*(t) = argmax pi(t)u = < 1, ifpi(¢) >0 ;
ue[—1,1] !




The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
uclU UE[—l,l]

b. Case p’ =0
Maximizing a straight line in [-1,1]
(—1, ifpi(t) <O

u*(t) = argmax pi(t)u = < 1, ifpi(¢) >0 ;
ue[—1,1] |

(777, ifpi(t) =0 -1

What if p*(t) =0 ???>



The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

b. Case p’ =0
Maximizing a straight line in [-1,1]
(—1, ifpi(t) <O

u*(t) = argmax pi(t)u = < 1, ifpi(¢) >0 ;
ue[—1,1] |

(777, ifpi(t) =0 -1

What if p*(t) =0 ???>

Luckily, p*(¢t) = 0and p’ = 0 never happens.




The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

b. Case p’ =0
Maximizing a straight line in [-1,1]

A
(—1, ifpi(t) <O
u*(t) = argmax pi(t)u = < 1, ifpi(¢) >0 _ _
wel—1,1] o | |
777, ifpi(t) = 0 -1 1

What if p*(t) =0 ???>

Luckily, p*(t) = 0 and p° = 0 never happens. Indeed, from p;(t) =p, + p,(t; —¢)
we would have —p, = p%(t) =0, and thus p, =pi(t) =0 = p, =p,=0.
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The PMP - Examples

Let us solve: argmax H(t,z*(t),u,p*(t),p") = argmax (p*(t)u + p’u?)
< ue[—1,1]

b. Case p’ =0
Maximizing a straight line in [-1,1]

A
(—1, ifpi(t) <O
u*(t) = argmax pi(t)u = < 1, if pi(t) >0 ; _
ue[—1,1] e s | i
7?77, ifpi(¢) =0 -1 1

What if p*(t) =0 ???>

Luckily, p*(t) = 0 and p° = 0 never happens. Indeed, from p;(t) =p, + p,(t; —¢)
we would have —p, = p%(t) =0, and thus p, =pi(t) =0 = p, =p,=0.
Finally, we would obtain p;(t) = pi(t) = p® =0, t € [0,t], contradiction! 56




The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)2 dt, ty> 0 fixed
U’(')ELOO([Oatf]’[gl’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

We have finally showed that optimal controls for this OCP can only take two forms:

o
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)? dt, t; > 0 fixed
U’(')ELOO([Oatf]’[—l’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

We have finally showed that optimal controls for this OCP can only take two forms:

2 — z 2 z z
P : bétf—l— P , and cétf—l—p—,wehave

py py py

o

By denoting a = ty —
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)2 dt, ty> 0 fixed
U’(')ELOO([Oatf]’[—l’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

o

We have finally showed that optimal controls for this OCP can only take two forms:

2 — z 2 z z
By denoting aétf— P : bétf—l— P , and cétf—l—p—,wehave
(2 a-+b
— , ift € |a,b
a—>b a—>b 2,8

v (t):<—1, ift >b
L1, ift<a
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)2 dt, ty> 0 fixed
U’(')ELOO([Oatf]’[—l’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

o

We have finally showed that optimal controls for this OCP can only take two forms:

2 — z 2 z <
By denoting aétf— P : bétf—l— P , and cétf—l—p—,wehave
(2 a+b
t— ——, ift € |a,b
) a—>b a—b a, 0] ) —1, ift>c
U(t)_<_1’ ittt >b OR u™(f) = 1, ift<c
1, ift<a
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The PMP - Examples

Minimal energy double integrator - Used in electronic circuit eco-phasing

ty
min / u(t)? dt, t; > 0 fixed
u(')ELOO([Oatf]’[—l’l]) 0

{y(t) = 2(t) with {y(O) =1, 2(0)=0

£(t) = ul(t) y(ty) = 2(ty) =

o

We have finally showed that optimal controls for this OCP can only take two forms:

2—1p, 2 . p
By denoting aétf— P : bétf—l— P , and cétf—l—p—,wehave
(2 b
t— 272 ift e [a,b] |
(t) <a—b a—b (0 —1, ift >c
u*t — . _R u*t —
-1, ift >0 1, ift<c
(L, ift<a  Justfind 0<a<b<t;OR 0<c<ty

numerically!!!
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Existence of solutions to OCP - Examples

Minimal energy reusable rocket landing
ty

min |u(t)||® dt, t; > 0 fixed
ueL>([0,tf],U) 0

v(t)

) | q /r B (r,v)(0) = (rg, vo)
UL {weR: Jul Sumd B (1)) - (Tmax’“(” _ gr) {m )(ts) = (0,0

It's your turn: By assuming that this OCP has at least one optimal control-trajectory
air (u*,z*), apply the PMP and show w«*(-) is of the form (20/30 minutes):
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Existence of solutions to OCP - Examples

Minimal energy reusable rocket landing

tf

min |u(t)||® dt, t; > 0 fixed
ueL>([0,tf],U) 0

o(t) _
L . d (r . (r,v)(0) = (o, vo)
U2 e R Jul < uma B ()0 (Tmaxu(t) - gr) {o«, )(t) = (0,0)

It's your turn: By assuming that this OCP has at least one optimal control-trajectory
air (u*,z*), apply the PMP and show w«*(-) is of the form (20/30 minutes):

For some function f(t) € R? | then
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Existence of solutions to OCP - Examples

Minimal energy reusable rocket landing
ty

min |u(t)||® dt, t; > 0 fixed
ueL>([0,tf],U) 0

v(t) —
i /e (r,0)(0) = (ro, vo)
U2 {ueR®: |[u] < upu} CR? E(J“)(Tm"““)%) {<r,v><tf>=<o,o>

It's your turn: By assuming that this OCP has at least one optimal control-trajectory
air (u*,z*), apply the PMP and show w«*(-) is of the form (20/30 minutes):

For some function f(t) € R? | then

(§(t), if [[f()|| < Umax f(¢)

u*(t) = < () OR u*(t) = umaxm
umax (¢ )H if [[F(2)]] > wmax

Solution: See the blackboard. 64




Today’s detailed schedule

3. Characterize optimal controls for the reusable rocket landing problem.
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

0< Umin S HU('[J)H S Umax m

min — m(ty) T v
% v (t) — TIT;;XU — gr (t) (T, v, m)(O) — (T07 ’Uo,mo),

_QHU’H (rvv)(tf) = (070)
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

min — m(ty) 7 v
% v (t) — % — Gr (t) (T,U, m)(O) — (To,vo,mo),

0 < Umin < [[u(?)] < Umax m —q||ull (r,v)(ts) = (0,0)

Let us apply the PMP and characterize optimal control-trajectory tuples (u*, x*)!
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

min —m(ty) T v
d%(v)(t) @

m
0 < Umin < [[u(t)]| < Umax —q[ul]

For simplicity: T = 1 !

(r,v,m)(0) = (rg, vo, mo),
(7“, v)(tf) — (070)

Let us apply the PMP and characterize optimal control-trajectory tuples (u*, :B*)!

(t)
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

min — m(ty) r v For simplicity: Tipax = 1 I!!
dit v (t) - @ﬁ — 9r (7‘,’0, m)(O) = (To,vo,mo),
0 < Umin S HU('[J)H S Umax m —QH’U,H (’I”‘, ’U)(tf) = (0,0)

Let us apply the PMP and characterize optimal control-trajectory tuples (u*, :B*)!

1-2. For the Hamiltonian and the adjoint system we have (see the blackboard):
z = (r,o,m) eR’, weR? p=(pr,ps,pm) €R’, p’€{0,-1}
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

min — m(ty) r v For simplicity: Tipax = 1 I!!
dit v (t) - @ﬁ — 9r (7‘,’0, m)(O) = (To,vo,mo),
0 < Umin S HU('[J)H S Umax m —QH’U,H (’I”‘, ’U)(tf) = (0,0)

Let us apply the PMP and characterize optimal control-trajectory tuples (u*, :B*)!

1-2. For the Hamiltonian and the adjoint system we have (see the blackboard):

T = (T,’l),m) S R7, u € R37 p = (prapvapm) S R77 pO S {07 _1}

u
H(t,2,u,p,0") =p[v+p] (= = 9:) ~ pulul
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

min — m(ty) r v For simplicity: Tipax = 1 I!!
dit v (t) - @ﬁ — 9r (7‘,’0, m)(O) = (To,vo,mo),
0 < Umin S HU('[J)H S Umax m —QH’U,H (’I”‘, ’U)(tf) = (0,0)

Let us apply the PMP and characterize optimal control-trajectory tuples (u*, :B*)!

1-2. For the Hamiltonian and the adjoint system we have (see the blackboard):
T = (r,v,m) € R7”, weR? p= (Pry Py Pm) € R, p’¢ {0, -1}
(7
H(t,2,u,p,0") =p[v+p] (= = 9:) ~ pulul
/ * *
% . " . % . pv(t) U (t)

pr(tf) =, py(ts) = Po ) y




Characterize optimal controls for rocket landing

3. The Hamiltonian H(t,z,u,p,p’) = p, v+ p, <i — gr) — pmgllul| yields solving
m
) py(t) v
W)= agma (PR p g
0<umin§”uH§umax m(t)
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Characterize optimal controls for rocket landing

U : :
3. The Hamiltonian H(t,z,u,p,p’) = p, v+ p, (— — gr) — pmgllul| yields solving
m
py(t)-u
u*(t) = argmax ( —p;.(t)g u||)
( ) 0<umin§||uH§umax m(t) ( ) ”

Change of variables:

B p:(t)-n . 4//’_ u=oan, o= ||’U,”, n —= Tul
— argmax « —pr.(t)g

QE [UninUmax], NES? m(t) "

|«
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Characterize optimal controls for rocket landing

3. The Hamiltonian H(t,z,u,p,p’) = p, v+ p, (i — gr) — pmgllul| yields solving
m

) py(t)-u
W'(t)= argmax ( —pma)quun)
0<umin§||uH§umax m(t)

Change of variables:

B p:j(t)-n . J_ u=an, O{:H’U,”, n:ﬁ
= argmax o —pr.(t)g

QE [UninUmax], NES? m(t)

From now on, we assume

= argmex. a(Hpv(t)H pi‘n(t)Q) B0 #0 = n= T

Q€ [Umin, Umax m(t) (if not, similar results but complex study)
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Characterize optimal controls for rocket landing

3. The Hamiltonian H(t,z,u,p,p’) = p, v+ p, (i — gr) — pmgllul| yields solving
m

w(f)= argmax (pz(t)'“—p;<t>q|ru||)

. m(t ,
0<tmin < ]| Sthma ®) Change of variables:

B (Pi(t)'n ) ) J_ u=an, a=|ul, n:ﬁ
= argmax o —pr.(t)g

QE [UninUmax], NES? m(t)

From now on, we assume

= argmex. a(Hpv(t)H pi‘n(t)Q) B0 #0 = n= T
*(t

O€ [tmin, Umax m(t) (if not, similar results but complex study)
( Py ()
tmin T () <0 s We define
= argmax a¥(t)= py(t) Py (@)l
el () = ) s gy (1) > 0 U(t) = - — Pm(t)g
\
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Characterize optimal controls for rocket landing

3. The Hamiltonian H(t,z,u,p,p’) = p, v+ p, (i — gr) — pmgllul| yields solving
m

w(f)= argmax (pz(t)'“—p;<t>q|ru||)

. m(t ,
0<tmin < ]| Sthma ®) Change of variables:

B (Pi(t)'n ) ) J_ u=an, a=|ul, n:ﬁ
= argmax o —pr.(t)g

QE [UninUmax], NES? m(t)

From now on, we assume

= argmex. a(Hpv(t)H pi‘n(t)Q) B0 #0 = n= T
*(t

O€ [tmin, Umax m(t) (if not, similar results but complex study)
( Py ()
tmin T () <0 s We define
= argmax a¥(t)= py(t) QI
Jrgmax a¥(0) =gl w0 >0 € U(t) £ L — pr(t)g

76

(777, ¥(t) =0 ‘B
What if ¥(t) =0 ???



Characterize optimal controls for rocket landing

4. Luckily, it can never happen W(t) = ()l — pr.(t)g = 0 . Otherwise:

()
U(t) = 0
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Characterize optimal controls for rocket landing

4. Luckily, it can never happen ¥ (t) = Hij;g ))H — p}.(t)g = 0 . Otherwise:

py(t) - Py (1)
-~ m(t)lpy(t)]

(details are on the blackboard)

78



Characterize optimal controls for rocket landing

4. Luckily, it can never happen ¥ (t) = HZ};E ))H — p}.(t)g = 0 . Otherwise:

p;(t) - Py (1)
-~ m(t)lpy(t)]

(details are on the blackboard)

V(t)=0 = pi(t) - pi(t) =0

79



Characterize optimal controls for rocket landing

4. Luckily, it can never happen ¥ (t) = HZ};E ))H — p}.(t)g = 0 . Otherwise:

p;(t) - Py (1)
-~ m(t)lpy(t)]

(details are on the blackboard)

() =0 = pi(t) B0 =0 = 0= (pi()-p(®) = ~pi(0)]

(details are on the blackboard)
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Characterize optimal controls for rocket landing

4. Luckily, it can never happen ¥ (t) = HZ};E ))H — p}.(t)g = 0 . Otherwise:

p;(t) - Py (1)
-~ m(t)lpy(t)]

(details are on the blackboard)

B(t) =0 = pi()-p) =0 = 0=—(pi(®) -P;(®)) = —[p;(¢)|?
(details are on the blackboard)

In contradiction with our assumption p’(t) # 0 !!!
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Characterize optimal controls for rocket landing
4. Luckily, it can never happen W(t) = HZ}’LE ))H — p}.(t)g = 0 . Otherwise:

. (t) - p(t
U(t)=0 = 0=V(t) = — P (1) - p(t) (details are on the blackboard)

m(t)||p; ()

<¢I<t>o — B B =0 = 0= (50 50) = 50

(details are on the blackboard)
In contradiction with our assumption p}(t) # 0 !!!

In turn, we have
) . _pu(t)
discovered Optlmal {Umm rROIE \Il(t) <0 B Hp:(t)”

—pn(t)q

controls are bang-bang: u*(t) = @) m
m

)
Umax Tt 2(E) >0
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
a. Indeed, the adjoint system yields

% (t) = —pi(t
{p() p()/\ i(_p:(t).p:(t)>:Hp:(t)l|220

p:(tf) = Pu dt
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
a. Indeed, the adjoint system yields

% (t) = —pi(t
{p() p()/\ i(_p:(t).p:(t)>:Hp:(t)l|220

Pi(tf) = Pu dt
In particular, the function ¢ € [0,t¢] — —py(t) - p}(t) is non-decreasing.
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
a. Indeed, the adjoint system yields

py(t) = —p;(t) q * * o
In particular, the function ¢ € [0,2¢] — —p;(¢) - p;(t) is non-decreasing.

b. From \Il(t) _ _ ®)pt) it follows that \IJ(t) is either always non-negative
m(t)||p;(t)||

or it changes sign at maximum once (from - to +).
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
a. Indeed, the adjoint system yields

py(t) = —p;(t) q * * o
In particular, the function ¢ € [0,2¢] — —p;(¢) - p;(t) is non-decreasing.

b. From \Il(t) _ _ ®)pt) it follows that \IJ(t) is either always non-negative
m(t)||p;(t)||

or it changes sign at maximum once (from - to +).

c. In addition, the adjoint system yields
. MO0

pm(t)_ 2 tf *
{ TN o< [ 2001,
0

ph(ty) = —p° m(t)?
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
a. Indeed, the adjoint system yields

py(t) = —p;(t) q * * o
In particular, the function ¢ € [0,2¢] — —p;(¢) - p;(t) is non-decreasing.

b. From \Il(t) _ _ ®)pt) it follows that \IJ(t) is either always non-negative
m(t)||p;(t)||

or it changes sign at maximum once (from - to +).

c. In addition, the adjoint system yields  Recall u*(t) = a(t)— (1)

oy = o)) —
0N < [ eOROL,
0

ph(ty) = —p° m(t)?

9 a(t) S [uminaumax]

. %
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
a. Indeed, the adjoint system yields

py(t) = —p;(t) q * * o
In particular, the function ¢ € [0,2¢] — —p;(¢) - p;(t) is non-decreasing.

b. From \Il(t) _ _ ®)pt) it follows that \IJ(t) is either always non-negative
m(t)||p;(t)||

or it changes sign at maximum once (from - to +).

c. In addition, the adjoint system yields  Recall u*(t) = a(t)— (1)

P (t) = py(¢) - u*(¢) A ol
m(t) /\ p;kn(o) <1-— / ! a(t)\lp:(t)H dt <0 for |Ong tf
0

ph(ty) = —p° m(t)?

9 a(t) S [uminaumax]

. %
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
a. Indeed, the adjoint system yields

py(t) = —p;(t) q * * o
In particular, the function ¢ € [0,2¢] — —p;(¢) - p;(t) is non-decreasing.

b. From \Il(t) _ _ ®)pt) it follows that \Il(t) is either always non-negative
m(t)||p;(t)||

or it changes sign at maximum once (from - to +).

c. In addition, the adjoint system yields  Recall u*(t) = a(t)— (1)

P (t) = py(¢) - u*(¢) A ol
m(t) /\ p;kn(o) <1-— / ! a(t)\lp:(t)H dt <0 for |Ong tf
0

ph(ty) = —p° m(t)?
I 2 (Ol |

(0] pm(0)g >0 %

9 a(t) S [uminaumax]

. %

v (0)



Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
d. Summary:

A. \I'(t) always non-negative.
B. Or ‘Il(t) changes sign at maximum once (from - to +).

C. ¥(0) > 0 forlong enough .
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
d. Summary:

— A \I'(t) always non-negative.

B. Or \I;(t) changes sign at maximum once (from - to +).

— C. ¥(0) > 0 forlong enough .

D. \Il(t) is always positive.
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
d. Summary:

r A. \I'(t) always non-negative.

/

\C. ¥ (0) > 0 forlong enough .

B. Or \I;(t) changes sign at maximum once (from - to +).

D. \Il(t) is always positive.

E. Or \I;(t) is first positive and then negative. and possibly positive again.
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Characterize optimal controls for rocket landing

5. We can more carefully characterize such optimal controls.
d. Summary:

r A. \Il(t) always non-negative.

/

\ C. ¥(0) > 0 forlong enough .

B. Or \I;(t) changes sign at maximum once (from - to +).

D. \Il(t) is always positive.

E. Or \I;(t) is first positive and then negative. and possibly positive again.

e. We conclude: 2 wi+wst

Umax t € [0,t]
[|[w1+wat|] ? ’
Umin ‘I’(t)<0/\ 0§t1§t2§tf
u*(t) = u*(t

wi+wsot
Umax, P(t) >0

) = q Ymin Tgrypare ¢ € (B2, wy, wy € R

wi+wat t e (tz,tf] 94

u —————
LA lwy +wat|] ?




Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

min —m(ty) T v
% ('U) (t) — (% o g"') (t) (T7U7 m)(O) — (T07v07m0)7

0 < Umin < [[u(t)]] < Umax m —q||ull (r;0)(t5) = (0,0)
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

m&n — m(ty) T v
o |O=|%-9|® @0m)0) = (rov,m)
0 < Umin < [Ju(t)]] < Umax m —ql|ul| (,0)(t5) = (0,0)

Optimal controls are of the form (under some mild assumptions):
( witwst ¢ e [0,t]

Umax [wr +wst]] ?

0<1t <ty <ty

w1, Wo € R3

wi+wal

u*(t) = { Umin [wy +wst]] ? te (tl’t2] )

w1+w2t t E (tz,tf]

u R —
T [l twst ]
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

m&n — m(ty) T v
Zlo|®)=|2-g @) (r,v,m)(0) = (ro,vo,mo),
0 < Umin < [[u(®)]] < Umax m —q||ul| (r,v)(ts) = (0,0)

Optimal controls are of the form (under some mild assumptions):
( wi+wst t e [O,tl]

Umax [wr +wst]] ?

0<1t <ty <ty

w1, Wo € R3

wi+wal

’U,*(t) = { Umin [w:+wst] ? t € (t17t2] ’

wi+wat t e (tz,tf]

u —————————
X wr +wat| 2

We have reduced the problem to a finite-dimensional optimization
problem: just find 0<t; <ty <t; and wi, ws € R® numerically!!!
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Characterize optimal controls for rocket landing

Minimal fuel consumption reusable rocket landing (with fixed or free final time)

m&n — m(ty) T v
Zlo|®)=|2-g @) (r,v,m)(0) = (ro,vo,mo),
0 < Umin < [[u(®)]] < Umax m —q||ul| (r,v)(ts) = (0,0)

Optimal controls are of the form (under some mild assumptions):
( wi+wst t e [07t1]

Umax [wr +wst]] ?

0<1t <ty <ty

w1, Wo € R3

wi+wal

’U,*(t) = { Umin [w:+wst] ? t € (t17t2] ’

wi+wat t e (tz,tf]

u —————————
X wr +wat| 2

We have reduced the problem to a finite-dimensional optimization
problem: just find 0<t; <ty <t; and wi, ws € R® numerically!!!

\» Next lecture! %8



Course schedule

3. Python Session 1: real-world reusable rocket landing (next class).
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Course schedule

Bring your
3. Python Session 1: real-world reusable rocket landing (next class).| laptops with
Conda installed!!!
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End of lecture 2

Questions?
Otherwise, see you in two weeks!
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