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Motivated by some recent studies of the magnetic Laplacian on Rieman-
nian manifolds, we focus on the first eigenvalue of the magnetic horizon-
tal Laplacian on contact manifolds. We characterize conditions for positive
spectral shift, and provide some sharp upper bounds. In the Riemannian
setting, a genus 1 assumption is known to force the underlying metric to be
flat when equality holds in the sharp upper bounds. Interestingly, we show
that the equivalent topological condition in the three—dimensional contact
setting consists of having first Betti number equal to 2. In this case, equal-
ity in our upper bounds implies that the structure is that of a Heisenberg
left—invariant nilmanifold. We conclude by showing that, in some specific
three—dimensional contact settings, the knowledge of the first eigenvalue of
the magnetic Laplacian uniquely determines the manifold Chern class, fully
determining the topology of the underlying manifold.

1. Introduction

The concept of magnetic fields on Riemannian manifolds underlines the deep connections
between geometry and physics, and has been deeply investigated both from the classical
and the quantum point of view. Given a Riemannian manifold M, we will mostly consider
magnetic fields to be (complex) 2-forms B € Q?(M) which are closed (i.e., dB = 0) and
exact. That is, dB = 0, and there exists a one form A € Q'(M), the magnetic potential,
such that dA = B. In this formalism, the quantum dynamics are driven by the magnetic
Laplacian, that is the operator defined by

Ag 2 —x (d+iAN) * (d +iAN).
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A key result for the quantum point of view is the diamagnetic inequality, which especially
implies that magnetic potentials yield spectral improvements, whose nature depends on
many factors but mainly on the fact that the underlying manifold be compact or not.

These improvements appear even in case the magnetic potential generates a null mag-
netic field, which can only happen in the non—simply connected case. This is the so—called
Aharonov-Bohm phenomenon, first highlighted in [ES49, [AB59] and henceforth exper-
imentally validated in [PT89], which is a manifestation of the fact that, unlike to what
happens for classical trajectories, in quantum mechanics the choice of the potential, and
not only of the magnetic field, significantly affect the dynamics.

When the Riemannian manifold under consideration is the one dimensional sphere,
i.e., M = S', this phenomenon is apparent. Indeed, considering the magnetic potential
A =2radf, with a € R, a Fourier—based argument easily shows that the first eigenvalue
A1(A) of the corresponding magnetic Laplacian satisfies

A (A) = dist(a, Z)2 (1)

In [LW11], the authors leveraged this fact to prove that a non-integer Aharanov—Bohm
potential A = 27a(x1dwy — x2dzy)/|z| on the punctured plane R? \ {0} yields a sub-
critical magnetic Laplacian. More precisely, the following sharp Hardy inequality is
shown to hold true in the sense of quadratic forms:

: 2
Ay > dist(a, Z)
|z ?

(2)

The spectral improvement has been partially generalized to the case of a compact
Riemannian manifold M endowed with a magnetic potential A € Q!(M) in [Shi87],
where the author shows that

M(A)=0 << dA=0 and /A € 277 for any smooth loop v : S* — M. (3)
¥
This result has been complemented in [CESIS22] by a quantitative upper bound which,
for Aharonov-Bohm magnetic potentials (that is, A harmonic and thus dA = 0) reads

dist(A, £1(M))?2
vol(M) ’ (4)

/\1(A) <

where £!(M) is the lattice of harmonic forms w with f7 w € 277 for any loop 7y : S — M.
The authors also show a rigidity result: if the above inequality is an equality and M is
two—dimensional with genus 1, i.e., it is diffeomorphic to a torus, then M must be the flat
torus, see [CESIS22, Theorem 4.2]. For general genus surfaces or higher dimensional tori,
it is possible to identify a countable family of Aharonov—Bohm potential (the magnetic
ground state spectrum) such that the corresponding first eigenvalues uniquely determine
the metric, for instance see the result in [CPS25].

Recently, building upon the works of Rumin [Rum03], in [FPR20] the concept of
magnetic field has been extended to the setting of the Heisenberg group, which is the



most basic example of sub—Riemannian contact manifold. The authors also generalize
various spectral improvements to this setting, and in particular they have showed that
a sub—Riemannian generalization of holds. Since the Rumin complex is well-defined
for any contact manifold, this naturally begs the question of whether appropriate sub—
Riemannian generalizations of and hold similarly in the contact case. We point
out that in the recent work [BBE25] the authors have investigated similar generalizations
through geodesic—based techniques. Yet, their approach, which does not leverage spectral
analysis, applies to classical, i.e., non—quantum, settings.

A sub—Riemannian contact manifold is an odd-dimensional manifold M endowed with
a contact 1-form «, i.e., a a € Q' (M) such that a A (da)™ # 0, and a metric h on the
distribution D = ker . In this work, we will always assume this metric to be given
by h(X,Y) = da(X,JY), where J : TM — TM is any almost—complex structure (see
Section . An important difference w.r.t. the Heisenberg case considered in [FPR20],
is that in the general contact case there is no global frame for the metric h. It is still
possible, however, to associate to any form A € Q!(M) its horizontal representative
A € Q5(M) by requiring that Ag A (da)™ = 0. This allows one to define the horizontal
differential dy : Q°(M) — QL (M) as a projection dgy = (dp)y which, in turn, leads to
defining the magnetic horizontal Laplacian (acting on smooth functions and associated
with the magnetic potential A) through the rule

ARm, A £ _ (d+iAN) x (dig + 1AgA).

When M is compact, this operator is essentially self-adjoint on L?(M), non-negative,
and with discrete spectrum. In particular, its first eigenvalue A1 (A4) > 0, our main focus,
is well-defined. Our first result is then the following generalization of .

Theorem 1.1. It holds that A1 (A) = 0 iff dgmAn = 0 and

/A € 2nZ, for every absolutely continuous (AC),
v
closed, horizontal curve v : [0,1] — M (i.e., such that #(t) € D(y(t))).

Here, dgrpy, is the Rumin differential (see Section . We stress that the technique
of proof we employ to obtain the above result is novel and adapts verbatim to the
Riemannian setting, yielding an alternative proof to the one in [Shi87]. See Section

When the magnetic potential is of Aharonov—Bohm type, i.e., it is Rumin—harmonic,
thus generally weaker than harmonic, we have the following generalization of .

Theorem 1.2. Assume that Ay € Qi(M) is Rumin-harmonic, then it holds that

dist(Ag, La(M))?

A1(A) < ol (A1) : (5)

Here, £y(M) is the lattice of Rumin—harmonic 1-forms w € QL (M) with fyw € 277,
for any AC loop v : S* — M that is horizontal.



As is the case for , the above result is a consequence of a more general theorem,
i.e., Theorem which holds for any magnetic potential A and relies on a Hodge—type
decomposition theorem extended to the Rumin complex.

Our final result is a rigidity result for three-dimensional K—contact regular manifolds.
These are contact manifolds such that the Reeb vector field is Killing, and all its orbits
are closed with the same period. Therefore, our result is the following.

Theorem 1.3. Let M be a three—dimensional K—contact regular manifold with first
Betti number by(M) = 2. Then, M is contactomorphic to an Heisenberg nilmanifold
Iy \ H', k € N*, endowed with a metric h. Moreover, equality holds in bound if
and only if h is induced by the Heisenberg left—invariant metric (see Section for a
definition,).

Observe that the first part of this theorem is a consequence of the Boothby—Wang
Theorem [Gei08]. Importantly, unlike what happens in the purely Riemannian setting
of [CESIS22, Theorem 4.2] where the topology is completely determined by the genus
1 assumption, for contact manifolds the assumption on the Betti number does not fix
the topology of M. In particular, there is a priori no knowledge of the Chern class k.
Interestingly, as a consequence of Theorem[1.3]and some explicit eigenvalue computations
on Heisenberg nilmanifolds, this missing information can be fully determined from if
A1(A) is known for a sufficiently rich class of magnetic potentials A.

Corollary 1.1. Let M be a three—dimensional K—contact reqular manifold with contact
1-form anr and first Betti number by(M) = 2. In addition, let A', A2 € QY (M) be
linearly independent, Rumin—-harmonic, and such that equality holds in bound for
either A or A%. Then, there exists v1,72 € R such that the Chern class k € N\ {0} of
M is uniquely determined by the sequence {\((y1 A" +v2A?)/0) : £ € N*}.

2. Preliminary Results

2.1. Contact, K—contact, and Sasakian manifolds

The definitions and results below are taken from |Gei08, Blal0]. In this work, M denotes
a (real and smooth) compact and connected manifold of dimension 2n+1, n € N. Forms
and vector fields with values respectively in C and TCM ~ T'M & iT M are considered.

From now on, we assume the existence of a (real) 1-form a € Q'(M), called contact
1-form, such that aA (da)” # 0. This endows M with a co—orientable contact structure
and grants the existence of a unique vector field R € I'(T'M), called Reeb vector field,
such that a(R) = 1 and da(R, -) = 0. We denote by D = ker « the distribution generated
by a. We endow M with a sub-Riemannian metric, i.e., a metric A on the distribution
D. This defines a (1,1)ftensoxm J :TM — TM by requiring that JR =0 and h(v,w) =
da(v, Jw) for every v,w € D. We require J to be an almost-complex structure, i.e.,
additionally satisfying J?v = —v for every v € D, so that da(v, Jw) = —da(Jv,w) and

'Throughout the manuscript, we implicitly identify bundle endomorphisms E : TM — TM with
(1,1)tensors through the isomorphism E +— Tg(w, X) £ w(EX).



da(v, Jv) > 0 for every v,w € D. Since J completely determines h, we henceforth refer
to the sub-Riemannian contact structure on M as being determined by (a, J).

Although the existence of a entails that at least one almost—contact structure exists,
the choice of J is not unique. Any such J enables equipping M with the adapted Rieman-
nian metric g;(-,-) £ a®a(-,-) +da(-, J-), where the induced norm is denoted by || - || .
For this reason, the tuple (M, «, J) is called contact metric manifold, henceforth referred
to as contact manifold for simplicity. Levi—Civita connections and musical isomorphisms
will be computed with respect to gy. A contact manifold is called K—contact if its Reeb
is Killing. A contact manifold (M, «,J) is a CR-manifold if the complex sub-bundle
{v—iJv:v € D} CTM is involutive. CR-manifolds that are K-contact are called
Sasakian. In the rest of this work, M denotes a generic contact manifold, implicitly
equipped with a contact 1-form « and some almost—contact structure J. Although « is
assumed fixed, in this work J serves as a degree of freedom in the choice of g;.

With no confusion arising, we still denote by g; the corresponding Hermitian metric
on TCM. We denote by (-,-); : Q*(M) x Q*(M) — C*=(M,C) the scalar product on
the external algebra of complex forms Q°(M) induced by g, satisfying

(w,n)y = > W(Bi, ... Ey) (B, ... Ey,), wneQM),
1< <+ <ip <2n+1

for any local gy—orthonormal basis {E1, ..., Eapy1} of TM, thus (w,n); = gs(wf, nt) in

QY (M). With no confusion arising, | - || ; denotes the norm associated with (-, -) .
Two kinds of local basis for TM that are adapted to the contact structure are par-
ticularly useful. First, let z, z;, and y;, be local Darboux coordinates for j = 1,...,n,

for which it holds that R = 0, and o = dz — Z;‘:l y;dz;. By denoting E; £ Oz; + Y0,
and Eji, = 0y, for j =1,...,n, it holds that {E1,..., Ea,} is a local basis for D such
that da = Y%, EX A EF,,. By construction we have [R, E;] = 0 and R(E}(R)) = 0,
for j =1,...,2n. We call {R, E1,...,Es,} a Darbouz frame. Second, it is always pos-
sible to select local gj—orthonormal basis {Ej, ..., E2,} of D that are adapted to the
almost—contact structure, i.e., satisfying JE; = E;,, and JE;j 1 = —Ejforj=1,...,n,
sothat {R, F1,. .., Fa,}is alocal gj—orthonormal basis of TM. We call {R, E1, ..., Ea,}
an almost—contact frame. Note that da = 2?21 E;NET .
Any cover 7 : M — M of a contact manifold is a contact manifold.

Proposition 2.1. Let 7 : M — M be a cover of M. Equipped with o £ 1*a as contact
1-form, M becomes a contact manifold (associated with some J). The corresponding
Reeb R € T'(M) satisfies R(w(p)) = dm(p) - R(p), for everyp € M.

Proof. The first claim readily follows from & A (da)” = 7*(da A (da)™), whereas the
second claim is straightforward consequence of

da(w(p))(dn(p) - R(p),v) = da(p)(R(p),dn(p) " - v) N
= 0=da(n(p))(R(r(p)),v), pe€ M, ve T,M.



An Absolutely Continuous (AC) curve ~y : [0,1] — M is horizontal if #(t) € D(y(t)).

Remark 2.1. Any couple of points p,q € M can always be joined by an AC horizon-
tal curve, denoted 7,4 : [0,1] — M, as a consequence of Chow-Rashevskii’s theorem
[AS03]. This can be seen by arguing locally, selecting, e.g., an almost—contact frame
{R, E1,...,FEs,} defined on a neighborhood U C M. For every p,q € U, the objective
boils down to showing the following control problem has a solution:

Find u € L?([0, 1], R?") such that the solution ~ : [0,1] — M

2n
to 4(t) = > _u;(t)E;(+(t)) satisfies v(0) = p and (1) = ¢.
j=1

But TM|y = Lie(Ey, ..., Eay), since [E;, Eitn] € D, i =1,...,2n, and we conclude.

2.2. The horizontal differential

We denote
Qb (M) 2 {w e QF(M): 1pw = o} C Q8 (M)

the sub-space of horizontal k—forms, whereas we denote Jw £ w o J®) for w € QF (M),
where J*) £ J®...®.J is the k—tensor product. In particular, it holds that Jw = (Jwﬁ)|7
for w € QY(M). Any w € QF (M) satisfying Lrw = 0 is called basic. Let us denote
H(v) 2 v—a(wReD,veTM, and II® 2 I ® ... ®II the k-tensor product, and
define wy £ woTI®) € QF (M) for w € QF(M). The identity wy = w — a A tgw is readily
seen to hold by induction, due to exterior product identities for 1-forms:

wi (X1, Xp) = (tx,w — a(X7)epw) o TED (X, LX)
=w(X1,...,Xk) — (@ ANpix,w + a(X1)epw)(Xe, . .., Xi)
= (w—aAgw)(Xi,...,Xk), for X1,..., X e (TM).

We define the horizontal differential as dpw 2 (dw)g € Q™ (M) for w € QF(M).
Lemma 2.1. For every w € QF(M), it holds that dw = 0 iff dyw = 0.

Proof. By restricting our analysis to a local neighborhood, let {R, E1, ..., E2,} be, e.g.,
an almost—contact frame and assume that dgw = 0. Differentiating and evaluating
dpw = dw — a A tgdw along {E;, Eiypn, Eiy, ..., E;,_, }, fori,i+n #i1,...,i,_1, yields
dw(R, E;y, ..., Ei,_,) = tgpdw(E;,, ..., E; _,) =0, and the conclusion follows. O

Tk—1

2.3. A primer on Rumin cohomology

We recall a few key concepts on the Rumin cohomology [Rum03], a natural extension
of the de Rham cohomology in the contact case. Since we are interested in real-valued
1-forms, for the sake of conciseness we only describe up to the second Rumin complex:

O (M) 3 QL (M) 3 02 (M), (6)



Here, Q%m(M ) coincides with the usual O—forms, i.e., functions in C*°(M,R), whereas
Ok, (M) is made of equivalence classes [w]rm stemming from the relation

wl,wgeﬁl(M): wlpf%nwg — wy=uw+ fa, f e C?(M,R).

The operator dgm : Q%,, (M) — Qk, (M) corresponds to the classical differential, i.e.,
drRm[f]Rm = [df]Rm for [f]rRm € QORm(M ). The main novelty of the Rumin cohomology
is the operator dgy, : Q%,, (M) — Q% (M), whose definition depends on n. Specifically,
if n > 1, then Q% (M) is made of equivalence classes []gm:

mome € A(M): m Wy = m=m+0Aa+ fda, 6 € Q(M), feC(M,R),

in which case drm : (M) — Q% (M) corresponds to the classical differential, i.e.,
drm[wW]rm £ [dw]rm for [Wlrm € Q% (M). However, in the case of n = 1, the space
Q% (M) does not contain equivalence classes but forms n € Q*(M) such that nAa =0,
and the differential operator dry, : Q% (M) — Q% (M) is defined by dpm [w]rm = d(w+
foa) for [WlrRm € (M), where f,, € C*°(M,R) is uniquely such that d(w + f,a) €
Q%{m(M ). The complex @ naturally induces cohomological classes that are isomorphic
to the classical de Rham cohomological classes of M.

The equivalence classes Qf, (M) and Q3 (M) (in the case of n > 1) can be identified

to sub-spaces of “true” forms. For this, let us denote by
L:Q{(M) = QEP2(M) :w daAw, k>0,

the Lefschetz operator and by A : QIEIJFQ(M ) — Qk (M) its pointwise adjoint relative to
the metric (-, ) s(p), for every p € M. The following identifications, where equivalence
classes are replaced by specific representative, are thus natural:

k(M) ~ {wg € QF(M) : w € QY (M)}

and

LAny

nH — € Q% (M) Nker A : nEQQ(M)}, n>1,
e (M): nAa=0}, n=1.

In particular, we may also identify, for every f € Q% (M) and w € Q}, (M),

Lé
dpw — (T;]w)7 n>1,

d(w—-9d(Jw)a), n=1,

drm[flrm ~ drmf = duf and  drm[w]rm ~ drmw =

using the fact that Adgw = §(Jw), whether n > 1 or n = 1 [Rum03]. A quick, stand—
alone proof of this latter identity goes as follows. First of all, note that VX is horizontal

for every horizontal X € I'(T'M). Indeed, Cartan’s formula yields Lra = 0, hence
a([R,X]) = —Lra(X) = 0. Since VxR = —JX — Jhr(X) with hgp = LrJ/2 holds



in any contact manifold, the sought claim follows from VRX = VxR + [R, X]. Next,
by restricting our analysis to a local neighborhood, let {R, E1, ..., E2,} be an almost—
contact frame. We may conclude by computing

2
5w =" 9a(VE,w', By) + ga(Vrwt, Zda (B, "], JE)

S

T?
X

I
NE

a([Een, [Ee,w*]] + [Er, [, Brpnl]) ZJEe ([Ee, o))

~
Il
-

2n
(wH(a((Er, Erral)) — da(wh, (e, Eeral)) = 3 JEole([Er, o)

/=1

(Eg+n(da(Eg, W) = By(da(Bpsn, o) — da(w?, [Ey, EM]))

I
WE

~
Il
—

Il
NM:

3

—_

(Ee(JW(EeJrn)) — Epyn(Jw(Ey)) — Jw([E, E£+n])> = Adg(Jw).

)
X

All the previous identifications, assumed to hold as equivalences throughout this work,
enable introducing dry, : Q’ﬁfnl(M) — Qﬁm(M), for £k = 0,1, adjoint operator of drm
with respect to the metric (-,-)72 on Q°(M) (induced by the metric (-,-);). We say a
horizontal 1-form w € QII{(M) is Rumin—harmonic if dgmw = 0 and dgpw = 0.

Lemma 2.2. Let w € Q%{(M) It holds that égmw = dw. Moreover, dgmw = 0 iff
d(w — 0(Jw)a/n) = 0. If in addition w is basic, then dgmw = 0 iff dw = 0, therefore w
basic is Rumin—harmonic iff it is harmonic (in the classical sense).

Proof. Whether n > 1 or n = 1, the first claim readily follows from
(Ormw, 9)12 = (@, drRmg) 2 = (w,dg)r2 = (0w, g)r2, g € CF(M,R).

We move to the second claim, which is trivially true in case n = 1. Otherwise,

A
du <w - 5(;2“))&> = dgw — d;wda = dgmw = 0,

and the second claim for n > 1 follows from Lemma
Finally, assume that w is additionally basic. Since in such setting Cartan’s formula
yields that dw € Q% (M), if dgmw = 0, thanks to the second claim we infer that

do(Jw)(Er) _ (w 8(Jw)

n n

a) (R,E;)=0, ¢=1,...,2n,

for any, e.g., almost—contact frame {R, E,..., Es,}. Hence, Lemma yields that
dd(Jw) = 0. Given that M is connected, §(Jw) is constant, and thus from the divergence
Theorem we infer that §(Jw) = 0, and the conclusion follows. O



Remark 2.2. In general, “basicness” of a form w € Qi (M) is also necessary for dgmw =
0 to imply that dw = 0. Indeed, consider M £ R3 non-compact equipped with a £
dz — ydz, so that R = 9,, and let w £ fdz € Q& (M) with f £ 22z — 2%y € C®(M, R).
By denoting X £ 9, + yd, and Y £ 9,, one shows that, although

dpmw = —(XY + R)fdz Aa—Y2fdyAa =0,
it holds that
dw=-YfdzAdy—RfdzAha=z*dzAdy—2zdzAa#0.

Note that the previous counterexample holds true independently from the almost—
contact structure M may be equipped with.

From [Rum03, Corollaire, page 290] we readily infer the following extension of the
Hodge decomposition theorem for 1-form to the contact case:

Proposition 2.2. Let w € Q(M) be real-valued. There exist & € Qq(M) Rumin—
harmonic, and f € C*(M,R) and n € Q% (M) such that

w=E&@ (duf + ormn), where &, SrmN € Qll{(M) are co—closed,

and the direct sum is with respect to the metric (-,-)r2 on Q*(M). If in addition it holds
that drmw = 0, then the above decomposition reduces to w =& ® duf.

A particularly practical application of Proposition stems from considering K-
contact manifolds and basic forms, in which Rumin—harmonic terms in the de Rham
decomposition can essentially be replaced by harmonic (in the classical sense) terms:

Corollary 2.1. Assume M is K-contact. If w € Q&(M) is basic, then there exist
¢ € Q4 (M) harmonic (in the classical sense) that is additionally basic, as well as f €
C>®(M,R) and n € Q3 (M) such that

w=E&® (duf + ormn), where OrmN € QII{(M) 18 co—closed,

and the direct sum is with respect to the metric (-,-)r2 on Q*(M). If in addition it holds
that drmw = 0, then the above decomposition reduces to w =& & duf.

Proof. Let w = £ @ (dgf + orm”n) as in Proposition Since computing * through
its very definition along a Darboux frame yields Lr x 8 = xLgS for § € Q’IfI(M ), Lr
commutes with 6. Hence, from Lemma we infer that ormLrE = LrIrmé = 0.
Moreover, since Cartan’s formula yields both Lra = 0 and Lrda = 0, and in K-contact
settings it holds that LzJ®) 3 = J®) Lp3 for B € QF(M), we may compute

d<£R§ _ 5<J§R€>a> g SOV LI d<£ A a) |

n

that turns out to equal zero due to Lemma|2.2] In particular, from the very same lemma
we may conclude that L€ is Rumin—harmonic (Lg€ is clearly horizontal).



At this step, on the one hand, Lra = 0 readily yields that Lrdpf = dgR(f). On
the other hand, in case n > 1, Lgn is clearly horizontal and it holds that n € ker A
iff da A xn = 0. Since Lrda = 0 yields da A xLrn = Lr(da A *n) = 0, we infer that
Lgn € Q% (M). This latter inclusion is even simpler to prove if n = 1. In particular,
assuming first that n = 1, the definition of g, yields that

£R5Rm77 = — % d(*ﬁRn — (5(J* ERn)a) = (5Rm£R77-

By leveraging the formal definition of dgy, for n > 1 via x and dry, [Rum03], this latter
identity is easily proved to hold if n > 1 as well. We finally conclude that

ERf ® (dHR(f) + 5Rm£R77) = ERw = 0,

with L€ € Qf(M) Rumin-harmonic and Lzn € Q% (M). In particular, we infer that
¢ is basic, hence harmonic due to Lemma [2.2] O

3. The Horizontal Magnetic Laplacian and its First Eigenvalue

3.1. Definitions

We define the horizontal (Rumin) Laplacian on functions as
ARm® = drmdRrmep = ddup = — xdxduyp, ¢ € C°(M,C),
and the corresponding horizontal (Rumin) gradient as
VRm £ (drmp)* = (dup)t € D(ITM), ¢ € C*(M,C).

Applying the divergence Theorem on the real and imaginary parts separately yields
M M M

For any fixed real-valued A € QY(M), we define the magnetic horizontal (Rumin)
Laplacian (associated with the magnetic potential A) on functions as

ARm ap = —x (d+iAA) x (dg +i4n)p, ¢ € C°(M,C),
and the corresponding magnetic horizontal (Rumin) gradient as
VRmAp 2 ((du + idn)p) € T(TM), ¢ C®(M,C).
Lemma 3.1. The following identities hold true for every v, € C*°(M,C):

® Arma¥ = Arme + || Anlfe +i(0dAn — 2(duyp, A)J),

. / ARm,A¢¢=/ 97(VRm, 490, VRm,Av).
M M

10



Proof. Thanks to , we may compute
ARm, ¢ = Armp — i div(pAf) — i (due, A) s + (A, An) e,

and the first identity follows since div(gpAﬁH) = —p 6An + (de, An).
For the second identity, on the one hand, the first identity yields

| SrnaeT= [ Buno + [ aulted (8)
M M M
—1 (/ div(Afy)p ¥ + 2/ <dH90,AHT/J>J> :
M M
On the other hand, thanks to
/ (duv, Anp)s = —/ diV(A%)¢¢—/ (due, An) sy,
M M M
and , we may infer that
/ 97(VRm,A¢, VRm,aY) =
M

_ /M Arme T+ /M | An20 P — i ( /M div(AL) ¥ +2 /M<sto,AHw>J) ,

concluding the proof due to . O

To define the first eigenvalue of Agm 4, We denote the (1,1)-tensor V3 ¢o(u, X) £
10 (Vi x) VRm), for o € C®(M,C), p € Q(M), X € I(T'M), and the norms

lollwy 2 \/ /M (1912 + IVRmel3) and felwz, 2 \/ lollwy + /Muvamsona,

and define the functional spaces

Wi (M,C) 2 O=(,C) Whn, W2_(M,C) 2 O, C) "Waa c 1201, ).

It is known that W (M,C) is Hilbert [FPR20]. Since for ¢ € C°°(M,C) clearly
|Arme| < V&, ©ll7 pointwise, thanks to (7) and Lemma both the horizontal Lapla-
cian and the magnetic horizontal Laplacian can be extended to densely—defined, non—
negative and symmetric linear operators

ARm, Arma: WiL(M,C) C L*(M,C) — L*(M,C).

We now define the first eigenvalue of the magnetic horizontal Laplacian as

Ai(A) & inf (ARm, AP, @)12 = inf IVRm, a7 > 0.
¢ € Witn(M,C) ¢ € Win(M,C)
lellze =1 lllz= =1
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We recall that, given a Hilbert space H, and a densely—defined, non—negative and sym-
metric linear operator 7' : D(T) C ‘H — H, the Maximum Principle yields the existence
of a minimum ¢ € D(T) with |¢||% = 1 to the minimization problem

(To, o) =min o(T) = inf (Typ,p)y >0,
v € D(T)
lolln =1

in case there exists A € R such that the range Rng(T 4+ AI) = H, and the spectrum
o(T) C [0,+00) of T is discrete. In particular, ¢ is eigenvector of T with eigenvalue
A (T) £ min o(T). From this remark, we readily infer the infimum that defines A1 (A)
is attained at some eigenfunction p € W (M, C) with [|¢||z2 = 1 from the following

Lemma 3.2. There exists A > 0 such that Rng(Arm,a + M) = L?(M,C). In addition,
the spectrum o(Arm,a) C [0,4+00) of Arm,a is discrete.

Proof. The proof leverages routine functional analysis techniques. We report it in the
appendix for the sake of completeness. ]

The magnetic horizontal Laplacian satisfies the Gauge invariance principle.
Lemma 3.3. For f,h € C*°(M,R), it holds that \i(A+ df + ha) = A (A).
Proof. 1t is sufficient to prove that the isometry

¢ € L*(M,C) — T(p) £ ey € L*(M,C)

satisfies T(AH7A+df+ha(T*1<p)) = ARrm,a¢p, for every ¢ € L?(M,C). For this, thanks to
Lemma for every ¢ € L?(M,C) we may compute

T(Amavdsigale 7 9)) =
= T( — div(e_ifVngo — ie_if(Pvaf)
+ (An + duf, A + duf)se o — iem o div(Al + VRmf)
+2e” 7 (duep, An + duf) s — 2ie" Vo (duf, An + dHf>J>

= T(efif (ARmQO — i((pdiV(Ag{) + 2<ng0, AH>J) + <AH, AH>JQO)) = ARm’AQD.

3.2. Spectrum shift via magnetic potentials

Akin to the Riemmanian setting [CESIS22], positive shifts of the spectrum of the mag-
netic horizontal Laplacian can be nicely characterized through algebraic—differential con-
ditions on the magnetic field A.

Theorem 3.1. It holds that A1 (A) = 0 iff dgmAn = 0 and

/ A € 277, for every AC, closed, and horizontal curve v : [0,1] — M.
.
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The proof makes use of the following

Lemma 3.4. If there exists p € C°(M,C), ¢ # 0, such that dgp + iApp = 0, then
drmAn = 0. In particular, there exists f € C*°(M,R) such that d(A + fa) = 0.

Proof. The identity dgo+iAne = 0 is equivalent to dyp—iAgp = 0, therefore dy|p|? =
0. In particular, Lemma yields that |p| # 0 is constant. Through a differentiation
with respect to drm we thus conclude that

© drmAg = dRm(SDAH) — dHQO ANAg = Z(d%{mtp + ¢ Ag A AH) =0.
The last claim follows from Lemma [2.2] O

Proof of Theorem[3.1, We split the proof into two sections.

Necessity. Let A\1(A) = 0, with eigenfunction ¢ € W2 _(M,C), |l¢|lzz = 1, so that
duy + 1Agp = 0 almost everywhere on M. In particular, we infer that Arm a9 = 0.
Given any neighborhood U C M, let {R, E1,..., F2,} denote a, e.g., Darboux frame
defined in U. Thanks to Lemma we thus infer that (see also [FPR20])

2n
S /U GE79 + (div(E;) — 2iAn(E;) By =
j=1

— [ (@80~ | 4u3)05. for every ¥ € CX(U,C).
U

Since M is a contact manifold, this latter variational problem falls into the hypoelliptic
setting of [RS76, Theorems 16 and 18], hence we infer that Ej, ... Ej, ¢ € L*(U,C), for
Jiye-sjk = 1,...,2n and k € N. But locally R € span{FE\,..., Eop, [E;,, Ej,],i1,i2 =
1,...,2n}, therefore the classical theory of Sobolev spaces finally yield ¢ € C*°(M,C)
and dgy + iAge = 0 everywhere on M. Moreover, as in the proof of Lemma [3.4] one
shows that |¢| # 0 is constant. Up to a rescaling, we may thus assume that |p| = 1.
Let 7 : M — M be the universal cover of M, which is regular given that M is simply
connected. We define ¢ £ p o € C®(M,C), for which |[¢)| = 1. By denoting Ag £
™ Ay, Propositionthus yields that Ay € QII{(M), and together with dgyp+iAge = 0,
that dgy + i;l;wp = 0. Now, besides dgpmAg = 0, from Lemma m we also infer the
existence of h € C*°(M,R) such that d(Ag + ha) = 0. Hence, by denoting h = hor, we
obtain that Ay + ha € Q1(M) is closed. In particular, there exists f € C°(M,R) such
that A\;IN: dHf, so that it holds that dge™* + Z'A\;Ie_ifw: 0. Note that the equation
dp - +iAp - = 0 can have at most one solution in C*°(M,C) of constant norm equal
to 1, up to multiplication by €, # € R. Indeed, if 11, ¢s € COO(M, C) are two such
solutions, as in the proof of Lemma one shows that d(y115 1) = 0, which implies

that ¥o = e, for some 6 € R. Hence, g o = €/®=f) for some 0 € R, implying that

For every G € Deck(w), there exists kg € Z : foG = [+ 2nkeg. (9)
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Let v : [0,1] — M be an AC, closed, and horizontal curve. For j = 1,...,p, let
[aj,b] [0,1] so that [0,1] = Up 1lag, byl aj41 = b;, and y([aj,b;]) € 7(U;), where
U i C M are neighborhood such that T = 7T|U U — 7T(U ) are diffeomorphisms. Thus,

/7 / )dt = Z/ (1)) - %W}l(v(t)) dt,

given that each 7rj_1 oy :aj,bj] — M is horizontal due to Proposition so that

[ A= Fm ) - +Z(f 1(050)) ~ Flryly(ag1))) - (10)

Since 7 is regular, for every j = 1,...,p — 1 there exist G;,G, € Deck(n) such that
W}l(fy(bj)) = Gj(ﬂ{il(’y(aj+1))) and 7Tp_1~(’7(1)) = Gp(wfj(v(()))). Therefore, due to
(9), for every j =1,...,p — 1 there hold f(ﬁ;l(’y(bj))) - f(ﬁ{jl(y(ajﬂ))) = 27k; and

f(wp_l(fy(l))) - f(wfl(’y(O))) = 2wk, for appropriate kj,k, € Z. By plugging these
latter identities in , we conclude the proof of this first section.

Sufficiency. Let dpmAg = 0. Lemma - 2.2| yields that d(A 4+ ha) = 0 for some function
h € COO(M R), and therefore, as in the proof of the previous section, we may find a
function f € COO(M R) such that AH =7 AH = dHf

Thanks to Propositions and Remark 2.1} given any p € M and G € Deck(m) we
may find an AC and horizontal curve 7 : [0, 1] — ]\7, such that 7(0) = p and ¥(1) = G(p).
Moreover, since Propositionyields that v £ mo75 : [0,1] — M is an AC and horizontal
curve that is closed at 7w(p) € M, we may compute

~ 1 ~ .
FGW) - Fw) = /O dnfG(0) - F(t) di = / Ac oz,
Y

from which, due to the arbitrariness of p € M and G € Deck(m), we infer that @ still
holds true. In particular, by defining ¢ £ e~/ € COO(M7 C) with [¢| = 1, thanks to @
one sees that 1) o G = 9 for every G € Deck(m). Thanks to this latter property and the
fact that 7 is a regular cover, the following function

p: M—C
p e ((lo,) M), p € m(Uy),
where U, C M is any neighborhood such that 7|y, : U, — 7(U,) is a diffeomorphism,
is well-defined, smooth, and of constant norm equal to 1. Moreover, by leveraging

Proposition straightforward computations yield that dgp + iAge = 0, from which
we infer that A;(A) = 0, finally concluding the proof of Theorem O
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3.3. Upper bounds for the first eigenvalue

Akin to the Riemmanian setting [CESIS22], we now aim at deriving upper bounds for
the first eigenvalue A\ (A) of the magnetic horizontal Laplacian. For this, we adapt and
extend methods from |[CESIS22]. The following lemma will be needed.

Lemma 3.5. Let pn € Q' (M) and b, € C®(M,C) be such that || = 1/+/vol(M) on
M, Armup = he, and (i) = (ARmpp, ¢)r2- Then, A\i(pn) = h = constant.

Proof. By assumption and due to Lemma the quadratic form
Q: W (M,C) — [0, +00)
0o [ 1mm I = M)

attains its minimum at ¢ € C*°(M,C), therefore (Q(p + cv0) — Q(¢))/e > 0, for every
Y € WA, (M,C) and € > 0. This latter inequality and Lemma [3.1| readily yield that

ARmpup — M (e ¥ + ARmu — M ()Y )@ =0, ¥ € Wi, (M,C).
M M

Through Lemma [3.1], we may further compute

2 Re ( /M (ARm,wJ — A1 (p) sO)w) =

:/ ARm,uSOw"i‘/ ARm,,uw(P_/ Al(M)(@@‘Hﬁ@:O, weWI?{m(M7C)a
M M M

and plugging ¢ = Arm o — M(p)e € Wi (M, C) in the latter identity yields that ¢ is
eigenfunction associated with Aj(u), therefore Aj(u) = h = constant. O

We have the following upper bounds for the first eigenvalue A;(A).

Theorem 3.2. Let Ay = £ @ (duf + ormn) as in Proposition and define

£h(M) £ {w € (M) : w is Rumin-harmonic and/w € 2nZ,
v

for every AC, closed, and horizontal v : [0,1] — M }

It holds that

_ dist(& LH(M)? + [SrmllZ: (1)
vol(M)

In case dgm Ay = 0, bound reduces to

A1(4)

dist(¢, €L (M))?
vol(M)

A(A) < (12)
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Moreover, if equality holds in bound , then there exists w € £11{(M) such that
A (A) = ||€ — w||% = constant, pointwise on M. (13)

Finally, in case M is K—-contact and Ay is basic, let Ay = £ @ (duf + ormn) as in
Corollary . All the previous statements hold true with £5(M) replaced by

Lhe(M) £ {w € (M) : w is harmonic and basic, and/w € 2nZ,
g

for every AC, closed, and horizontal + : [0,1] — M }

Proof. Since follows from and Proposition and the last claim of Theorem

follows from Corollary we just focus on proving and .
To prove (1)), fix w € (M) and py € M, and define h(p) £ f,yp ,w, where yp, p :
0>

[0,1] — M is any AC and horizontal curve that joins pg with p € M, and whose existence
is granted by Remark Since f7 w € 2nZ for every AC, closed, and horizontal curve
v : [0,1] — M, the values of h are uniquely defined mod 27 for each p € M. Now,
fix p € M and let {E1,..., Eay, Fapi1 = R} be any, e.g., Darboux frame defined in a
neighborhood of p. The mapping ¥ (t1,...,tops1) = (651 0---0 0E2”+1)(p), where 6%

ton+1

denotes the flow of any X € T'(T'M), is a local diffeomorphism. Therefore,

ho(ee;) —h(p) 1

€ € /te [0,1]-6,7 (p)

w

1
- /0 W05 () - B;(05 (p) dt, j=1,....2n,

which converges to w(p) - Ej(p) for ¢ — 0, for each j = 1,...,2n. It follows that the
function ¢ £ e~ is well-defined and satisfies dgp+iwe = 0, from which one additionally
infers that ¢ € C°°(M, C) by replicating the proof of Theorem |3.1

At this step, thanks to Lemmas and for any pu € Q' (M) we may compute

ARm e = i{dp,w) s + |pnlFe — 2(w, pu)se + idpne = (||pr — w||F + idum)e.

Combining this latter identity with Lemma and the fact that |p| = 1 finally yields

(ARngsimmn® @)z _ 1€ = @l + [Frmnl2s

M(A) = \i(An —duf) < vol(M) vol(M)

To prove , let equality holds in (12]). By leveraging the latter computations,
Lemma and the fact that [p| = 1, we infer the existence of w € £{;(M) such that

€ —WH22 ® L4
A(§) = M(A) = TM)L = <ARm’5 V/vol(M)’ \/vol(M)>L2 ’

which, due to Lemma finally yields that A1 (A4) = A\1(€) = ||¢ — w]||? = constant. [

16



3.4. The K—contact regular case

Computations for the bounds on Aj(A) simplify in the case of K—contact and regular
manifolds. In the rest of this section, we pick A € Q(M) real-valued with dr, Ag = 0.

We start by listing some known facts about regular manifolds, that are mainly taken
from |Gei08, Blal0]. A nowhere vanishing vector field X € I'(T'M) is called regular if
around each point of M there is a flow box that is pierced at most once by any integral
curve of X. We say that M is regular if its Reeb is a regular vector field. From now
on, we assume M is K—contact and regular. The Boothby—Wang theorem yields the
existence of a constant ¢ € R and of a 2n—dimensional compact symplectic manifold
(B,), associated with an integral co-cycle 0 # [Qlym € HZ (B,Z), such that M is
the bundle space of a circle bundle 7 : M — B satisfying d(ca) = 7*Q. In addition,
the scaled Reeb R/c, associated with the scaled contact 1-form ca, generates the free
S'-action © : St x M — M on 7 : M — B. From now on, without loss of generality, we
denote c v with o and R/c with R. Since © generates the flow of the Reeb and LrJ = 0
in K-contact settings, we infer that J is right S'-invariant:

0w, )*J =doe(, ) -J, ©¥eS. (14)

Moreover, the distribution D = ker « is a connection on M, thanks to which, for any
q € B and p € 7 1(q), the horizontal lift v, € T,M of any v, € T,B is uniquely
well-defined such that ¥, € D(p) and dn(p) - U, = v,. Also, v, is right S'-invariant:

Vowp =4O, )(p) Ty, YES', q€B, pen(q), and v, €T,B.
Finally, since Lgrda = 0, we infer that also da is right S!'-invariant:
0, )*da =da, o €S (15)

Due to 7, we easily conclude that we may equip B with the well-defined Rie-
mannian metric g7, (q)(vg, wq) = g5(p)(Vp, wp) for ¢ € B and vy, w, € T,B, and any
p € 7 (g). Its norm is denoted by | - |/;,. Note that m : (M,g;) — (B,gs,) is a
Riemannian submersion. We denote by (-, )y, : Q*(B) x Q*(B) — C*°(B, C) the scalar
product on the external algebra of complex forms Q°(B) induced by g;,, and with no
confusion arising, || - |7, denotes the norm associated with (-, -) s,.

We have the following.

Proposition 3.1. It holds that Hz(B,R) ~ Hl: (M,R). In particular, given w €
QY (M) real-valued such that dgmwy = 0, there exist f,h € C°(M,R) and {g € QY(B)
harmonic and real-valued such that w + df + ho = 7*{p. Moreover, the 1-form &g is
horizontal, basic, and itself harmonic.

Proof. The first claim is classical. Below is the proof for the sake of completeness.
Since [Q]qr # 0, we obtain that the Gysin long sequence

o HIR(BR) T Hig(M,R) =5 HY(B,R) 2% 520 (BR) - - (16)
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is exact. On the one hand, 7* is injective given that 7 is a surjective submersion. On
the other hand, since [2]qr # 0 implies that ker([Q2]qr A-) = {0}, we infer that 7* is also
surjective due to the exactness of the Gysin long sequence .

For the second claim, Lemma and the first claim yield the existence of f,h €
C>™(M,R) and &g € QY(B) closed and real-valued such that A + df + ha = 7*¢g. We
note that we can select £ harmonic thanks to Hodge decomposition. Moreover, since
O generates the flow of the Reeb, by leveraging any Darboux frame one readily checks
that 7*&p is horizontal and basic. Finally, we conclude that 7*¢p is itself harmonic from
the fact that 7* and 0 commute on 1-forms, given that 7 : (M,g5) — (B,gs,) is a
Riemannian submersion and the fibres of 7w are minimal [GLP99, Theorem 1.3]. O

The following corollary of Theorem states that, in the K-contact regular case,
computing the upper bound boils down to computing integrals on the basis.

Corollary 3.1. Assume that A € QY (M) satisfies drmAn = 0, and decompose A+df +
ha = 7*€p as in Proposition[3.1]. It holds that

dist("¢p, Shp(M))? _ dist(¢p, £1(B))?

Ai(4) < vol(M) vol(B) ’ (a7)
where
ei(B) & {w € QY(B) : w is harmonic and/w € 277,
g
for every AC and closed v : [0,1] — B}.
Moreover, if equality holds in bound , then there exists wp € £(M) such that
M(A) =B — wBH?]B = constant, pointwise on B. (18)

Proof. We start by proving the equality in , noticing that the inequality is straight-
forward consequence of Theorem Lemma |3.3] and Proposition (3.1

For this, we start noting that, thanks to Propositions and [3.1], given any w €
LLo(M) there exists wp € Q1(B) harmonic so that w = m*wp. If yp : [0,1] — B is any
AC and closed curve, it is in particular a fibre map [Hus66, Theorem 5.2]. Hence, there
exists a lifting v : [0,1] — M of yp that is itself AC and closed, so that

/wB:/ﬂ'*wB:/wEQﬂ'Z —  wpe £Y(B).
B v v

Moreover, since 7 : (M, g5) — (B,gJz) is a Riemannian submersion, from the coarea
formula we infer that, for every f € C*(B,R),

/ fom= )\R/ f, where Agr 2 “Reeb flow’s period” = constant,
M B
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given that regularity forces vol(m~1(q)) = Ag(p) = constant, for ¢ € B, p € 7 1(g). In
turn, for any w = 7*wp € Lig(M) with wp € £1(B), we may compute

Ar dist(€, 81 (M))? < Ag / €5 — wpl2, = / In*és — wll?,
B M

which yields dist(7*¢p, Shg(M))? > Ardist(ép, £1(M))? due to the arbitrariness of
w € LLp(M). The opposite inequality, thus also the fact that vol(M) = Ag vol(B), are
proved similarly, and the equality in follows.

Finally, to prove , let equality holds in . From we infer the existence of
w = m*wp € Lip(M) with wp € £!(B) such that

M(A) = 7€ = wl3(p) = 1€ — wrlF, om(p), forevery pe M,

and the conclusion follows. O

4. The Three—dimensional K—contact Regular Case

To further improve our bounds, we focus on three—dimensional, K—contact, and regular
manifolds. Recall that a three-dimensional contact manifold is always a CR—manifold.
Therefore, three-dimensional, K—contact, and regular manifolds are Sasakian.

4.1. Landau quantization—type phenomenon

In this section, we show that regularity in three—dimensional K—contact manifolds yields
a Landau quantization-type phenomenon for magnetic Laplacian, i.e., Theorem

To best formalize this result, we start by listing some known facts about complex line
bundles and magnetic Laplacians on Riemannian manifolds. Let B denote a compact
Riemannian surface equipped with a magnetic field Q € Q2?(B). Unless B is simply
connected, there may not exist a magnetic potential A € Q!(B) satisfying d4 = Q.
However, if Q is integral, that is if

O € H(BZ) = [ 0cL
B

then there exists a complex line bundle p : L. — B and a connection V with curvature
12w Q, i.e., with Chern class [Q]n,. That is, locally there exists a 1-form A € Q'(B)
such that V =d +iA, with dA =i 27 ). Hence, a magnetic Laplacian Ag on B can be
defined through its action on the space of smooth sections I'(B, L) of L as follows. For
any open neighborhood U C B, select a local unitary frame oy : U — L, so that any
s € I'(B, L) can be locally written as s|y = fo, for some f € C°°(U,C). The magnetic
Laplacian AE may thus be defined by acting as (A5s)|y = (Aaf)o, where Ay is the
magnetic Laplacian on U associated with the magnetic potential A|y.

At this step, let M be a three-dimensional K—contact regular manifold, and A €
QY(M) a given magnetic potential. Due to the discussion in Section up to rescaling
the contact 1-form by a constant, there exists a compact symplectic surface (B, ),
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associated with an integral co-cycle 0 # [Qnm € HZ,,(B,Z), such that M is the bundle
space of a circle bundle 7 : M — B satisfying da = 7*Q). In addition, the Reeb R
generates the free S'-action © : S'x M — M on 7 : M — B. By denoting C*(M,C);,
{f e C>®(M,C): Rf =ikf}, we may decompose

C>®(M,C) ~ @ C*(M,C)y. (19)
kEZ

The condition [Q)nm € HZ, (B,Z) ensures that each C°°(M,C)y is isomorphic to the
space of smooth sections of the k—th tensor power of the complex line bundle p : . — B
associated with the circle bundle 7 : M — B. Such an isomorphism is

VS COO<M7 (C)k =S5 € F(Bv L®k)’ with Sf(ﬂ-(p)) = [pa f(p)]L‘@k’ (20)

where [p, z];ex denotes the equivalence class of (p,z) € M x C in L® = (M x C)/ ~,
with equivalence relation stemming from (p, z) ~ (©(¢9,p),e"*7z), for any ¥ € S'. In
particular, we may identify C*°(M,C)y ~ C*(B,C).

Recall that Agy, denotes the horizontal Laplacian on M (Section , generated by
gs. Since in K—contact settings Arn, and R commute as differential operators, Arm
preserves the decomposition , so that the spectrum of Ag,, is the union of the
spectra of each restriction Arpy|x of Arm on C*°(M,C)y, for k running over Z. Note
that, by leveraging the isomorphism , we may think of each Agry|r as an operator
acting on I'(B, L®*). In fact, each Arm|s results in a magnetic Laplacian on B, where
the magnetic potential is given by a connection with curvature 727 k2. In particular,
through the results of Section and from the classical diamagnetic inequality, we
infer that A1 (ARrm|r) > M (AP), where A\;(AP) denotes the first non-zero eigenvalue
of the classical Laplace-Beltrami operator AP on B, generated by ¢ Jp- Since Agplo is
isospectral to AP, from the inequality A\ (Agm|x) > A1 (AP) we conclude that

M (Arm) = %161%1 M(ARm|E) < M (Armlo) = M(AP) = A\(Agm) = M(AP).

The latter identity does not hold in case of magnetic horizontal Laplacians Ary, 4 on
M, with a non-trivial magnetic potential A € Q!(M), which we assume to be horizontal
thanks to Lemma To see this, since the decomposition still holds true, we
denote by Arm, 4|r the restriction of Agm 4 to C*°(M, C)y. If we assume A to be basic,
then Agrm, 4 commutes with R, and thus Arm alj is well-defined. By again leveraging the
isomorphism , we may think of each Agy, 4|y as an operator acting on I'(B, L®*).
In fact, each Agrm a|r results in a magnetic Laplacian AE on B, where the magnetic
potential is given by a connection now with curvature i 27 k Q+dAp. Here, A € Q'(B)
is the unique 1-form on B satisfying A = 7*Ap, which, since LrA = 0, can be well-
defined by Ap(q) - vy = A(p) - Up, for ¢ € B and v, € TB, where 0, denotes the unique
lift of v, at p € M, for any p € 7 !(g). Now, denote by AﬁB the magnetic Laplacian on
B with magnetic potential Ap, generated by g¢,. Observe that, although it is clear that
ARm,Alo is isospectral to AEB, it is no more true that A1 (Arm.alk) > M(AD), k #£0.
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Remark 4.1. Note that it is not possible to consider a magnetic field on B (in the sense
of complex line bundles as previously) generating a circle bundle 7 : N — B and an
operator ARy, on some manifold N with same spectrum as Arm 4 on M. This because
the magnetic potentials A constructed above do not scale correctly with k.

From now on, for any A € Qi;(M) basic, let Ag € Q'(B) denote the unique 1-form
on B satisfying A = 7*Ap. Moreover, with obvious construction, let AEB denote the
magnetic Laplacian on B with magnetic potential Ap, generated by g;,, and A\j(Apg) de-
note its first eigenvalue. To finally prove the aforementioned Landau quantization—type
phenomenon, we start by recalling the following result (see, e.g., in [Mon95, Theorem 4]).

Theorem 4.1. Let B be an orientable Riemannian surface, and € Q2*(B) be an
integral co-cycle. Let p : L — B be a line bundle whose connection has curvature
127 €2, and consider the associated magnetic Laplacian Ag acting on the space of smooth

sections I'(B, L) of L. Then, it holds that
/=
AM(AS) > u(B,Q),  where  pu(B,Q)E inf B

ser(B.L) |Is[3,

If, in addition, €2 is a constant multiple of the Riemannian volume, we have that

Sl

We may now state our Landau quantization-type phenomenon as follows.

1
vol(B)

M(AE) = n(B,Q) =

Theorem 4.2. Let A € Qi (M) be basic and Ap € QY (B) denote the unique 1—form on
B satisfying A = w*Ap. Then, we have that

)\1(143) Z )\1(.4) Z min {Al(AB),u(B,Q)} .
Moreover, it holds that
A(A) =M (Ap) if M(Ap) < u(B,Q).

Finally, if Q) is a constant multiple of the Riemannian volume, we have

B
Proof. From the previous discussion we infer that A (Arm,alx) = Al(AﬁCQJFdAB). Since
[ikQ + dAB]hm = [ikQ]hm, Theorem 4.1 yields that

1

M(n) > (4) = min {0 (4n).

M (ARm,alk) = M(ARgrdaa,) = W(B,kQ) = |k|u(B,Q) > w(B,Q), ke Z\ {0}.

We conclude from the fact that Arm alo is isospectral to AﬁB. To complete the proof,
it suffices to observe that in the case where € is a constant multiple of the Riemannian
volume, we have A\ (Arm,al1) = u(B,Q) = (vol(B)) ! [5 Q. O
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4.2. The case of Heisenberg nilmanifolds

Through the use of Theorem in this section we show how to explicitly compute the
first eigenvalue in case of Heisenberg nilmanifolds.

Let H' denote the Heisenberg group, i.e., the Lie group of upper triangular 3 x 3
matrices with 1s on their diagonal. In particular, we may identify H' ~ R? through the
group law (z,y,2) - (2/,y,2') = (x + 2",y + ¢,z + 2 + 2'y), for z,2',y,y/, 2,2 € R3.
The 1-form o £ dz — yda endows H! with a contact structure. The vector fields
X 20, +y0,, Y £ 9,, and Z £ 9, generate the algebra of left-invariant vector fields
over H'. In particular, D = span{X,Y}, Z is the Reeb, and the dual basis of {X,Y, Z}
is {dz,dy, a}. The following result is well-known |[Bocl6, Theorem 5.4].

Theorem 4.3. Every lattice (i.e., a discrete co-compact subgroup) of H' is isomorphic
to Ty = {(kni,n2,n3) : n1,n2,n3 € Z}, for some k € N, k > 1.

Due to Theorem throughout this section we fix any integer k > 1 and consider the
homogeneous space M 2 T’ \ H'. Since H' acts freely and properly from the left over
H!, M is a compact three-dimensional manifold. Moreover, since « is left-invariant over
H!, M is naturally equipped with a (quotient) contact structure, whose corresponding
contact 1-form will still be denoted by « (no confusion shall arise). With such contact
structure, M is called Heisenberg nilmanifold. Since X, Y, and Z are left-invariant, they
naturally extend to vector fields over M, still denoted X, Y, and Z through a slight
abuse of notation. In particular, {X,Y, Z} results in a global basis for TM, with dual
basis {dz,dy,a} (no confusion shall arise with this latter notation). Endowed with the
(1,1)~tensor J : TM — TM satisfying JX =Y, JY = —X, and JZ = 0, for which
{X,Y,Z} is gj—orthonormal, the contact manifold M is K—contact. We refer to this
latter (1,1)-tensor J as the Heisenberg almost—complez structure.

Heisenberg nilmanifolds are regular. The circle bundle 7 defined in Section [3.4] can
be computed explicitly. More specifically, denote the k—scaled two—dimensional torus
by T2 £ R/kZ x R/Z. With obvious notation, the surjective submersion = : M — T?
defined by 7([z,y, 2]r,) £ ([z]kz, [y]z) is a circle bundle, equipped with the free right
St-action © : S x M — M defined by O([r]z, [z,y,2]r,) = [(z,y,2) - (0,0,r)]pk We
may thus select Q £ dv A dw as symplectic form on T% such that da = 7*Q). We denote
9o £ gj, and note that, by definition of g;, the metric g T2 is actually flat. The

k
following stems from applying Proposition to Heisenberg nilmanifolds.

Proposition 4.1. It holds that HéR(M) ~ R2. Therefore, the space of Rumin—harmonic
horizontal 1-forms on M, which coincides with the space of harmonic (in the classical
sense) horizontal 1-forms on M, is generated by {dz,dy}.

Proof. For the first claim, use Proposition and Poincaré’s duality for homology.

For the second claim, note that Hy (M) ~ R? and the fact that the Rumin cohomology
is isomorphic to the de Rham cohomology imply that the space of Rumin—harmonic
horizontal 1-forms on M is at most of dimension two. But the horizontal 1-forms dx
and dy are linearly independent and Rumin-harmonic. O

2From now on, we identify S* ~ R/Z.
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At this step, to explicitly compute the first eigenvalue, let A € Q!(M) be such that
drmAn = 0. Thanks to Propositions and there exist a,b € R and f € C*(M,R)
such that Ag = (a dz 4+ b dy) ® dgf. Through the notation of Theorem we may
write (a dz + b dy)p = (a dv + b dw), thus having the following.

Corollary 4.1. Let A € QY(M) be such that dgpmAn = 0. Given a,b € R and f €
C>®(M,R) such that Ay = (a dz + b dy) ® duf, it holds that

Ai(A) = min {dist(a, 2k~ Z)? + dist (b, 27Z)°, 1}-

Proof. Since vol(T%) = / Q = k, and standard Fourier analysis readily yields that
T}
dist(a dv + b dw, £'(T?%))?

A(a dv+bdw) = ,
vol(T?)

see [CESIS22, Theorem 4], due to Lemma [3.3] and Theorem [4.2] we need to prove that
Sl('ﬂ‘i) = {27rk_1n1 dv+27mns dw : ny,no € Z}.

For this, due to Proposition we just need to find admissible values for ¢, d € R such
that fv(c dv+ddw) € 27Z for every AC and closed ~ : [0,1] — ’]I‘i. By selecting, for any

n1,ng € Z, 1(t) = ([knitlrz, [0]z), for which 41 = kni18,, and ~2(t) 2 ([0xz, [nat]z), for
which 4o = nsd,,, respectively yields that

/ (cdv + ddw) = ckn; and / (cdv + ddw) = dna,
m 72

and the desired claim follows, given that v; and 72 are generators for m (T%). O

Interestingly, Corollary enables explicitly computing the Chern class k, therefore
recovering full information on the topology of M.

Corollary 4.2. For any ¢ € N*, we have
M@ tdz) =0 < ( divides k.
In addition, the sequence {\1(2n¢~1dx) : £ € N*} completely determines k.

Proof. By Corollary [4.1] we have

27 . . o 27 \? R k2
A1 <£ da:) = min {dlst (6’ k:Z> ,1} = min {karaC (£> ,1} )

where frac(z) is the fractional part of any x € R, that is frac(z) £ z — |z]. The fact
that frac(z) = 0 if and only if z € Z concludes the proof. O
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4.3. The case of first Betti number two

If for Heisenberg nilmanifolds the first eigenvalue can be computed explicitly, in case of
three—dimensional K—contact regular manifolds with first Betti number two a structural
result can be shown. More specifically, if the upper bound is attained, then M is
necessarily equipped with the Heisenberg almost—complex structure.

Let M be a three-dimensional K—contact regular manifold with b;(M) = 2. To
best formalize our structural result, we start by constructing a strict contactomorphism
between M and an appropriate Heisenberg nilmanifold I'y \ H', with & € N\ {0}.

Proposition 4.2. Let M be a three—dimensional K—contact reqular manifold with con-
tact 1—form aps and first Betti number by(M) = 2. There exist k € N\ {0} and a strict
contactomorphism (M, anr) ~ (T, \ H', @), where a £ dz — ydax.

Proof. Via the notation of Section [3.4] up to rescaling the contact 1-form aj; and the
Reeb Rjp; of M by a constant, there exist k € N and a compact symplectic surface
(34,9 of genus g, associated with an integral co-cycle k = [Q)ym € HZ, (g, Z), such
that M is the bundle space of a circle bundle 7y : M — ¥y satisfying dapy, = 73,0
Also, the Reeb generates the free S'-action © : S' x M — M on 7 : M — 24, whose
orbits has period one. Since by (M) = 2, due to Proposition and Poincaré’s duality
for homology we have k # 0, and we may identify g ~ Ti and ) ~ dv A dw. But
circle bundles are uniquely classified via the Euler class of their basis, thus the Euler
class [Qpm = k uniquely identifies mp : M — T%. In particular, since the mapping
7T \H — Tz constructed in Section is a circle bundle, we conclude that M is
diffeomorphic to T’y \ H! through some bundle isomorphism. This latter isomorphism
also enables equipping I'y \ H' with a contact 1-form oy, that satisfies day = 7€, by
appropriately manipulating s, showing the previous diffeomorphism yields a strict
contactomorphism (M, apr) ~ (I'y \ H', az,). Note that due to the explicit expression of
the S'-action © in Section we infer that the Reeb of ay, is Z £ 9,.

Let us conclude by showing that (I'y \ H', o) ~ (T, \ H', ) through strict contac-
tomorphisms, with o £ dz — ydz as defined in Section For this, we observe that
day = 7*Q = da, thus again Propositionyields the existence of ¢ € Q'(T?%) harmonic
and f € O%°(I'y\H!, R) such that ay = a+7*¢+df. Since oy, and a share the same Reeb
Z and 7*¢ is horizontal, it holds that £z f = 0, hence f([z,y, 2]r,) = fqri([m]k% [y]r) for

some frz2 € C>(T%,R). We infer that the mapping

[mayv'z]l—‘k S Fk \Hl — [:L'ayaz + f([l:’y? Z]Fk)] € Fk \Hl

generates a strict contactomorphism (T, \ H', o) ~ (T \ H!, o + 7*€), with Z again as
Reeb for oo + 7*¢. At this step, define the smooth family of contact 1-forms (a)sc(0,1];
where each a; £ o + tn*¢ has Reeb Z. Moser trick yields the existence of a smooth
isotopy (¥1)iejo] of Tk \ H' and a smooth family of smooth functions (At)eefo,), with
A o T\ H! — R, such that ¥fa; = Mag and %(log M) ogpt = (%at) (Z) = 0 for
every t € [0, 1], see also [Gei08]. In particular ] (a+7*¢) = A1, and since \; = A\g = 1,
we finally infer that (I'y \ H', o) ~ (I'y \ H', @) through strict contactomorphisms. [J
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Due to Proposition 4.2} from now on we assume that (M, aps) = (T'x \H!, ). Through
the pullback of a contactomorphlsm, the almost—complex structure J and the corre-
sponding adapted Riemmanian metric g; on M are naturally “pulled-back” on 'y \ H!.
Thus, we may assume I'y, \ H! equipped with some almost—complex structure and corre-
sponding adapted Riemmanian metric, still denoted by J and g respectively. Similarly,
any closed A € QY(M) can be naturally embedded on a closed 1-form on T'y, \ H'. The
main result of this section below states that, if the upper bound is attained, then
J must be the Heisenberg almost—complex structure.

Theorem 4.4. Let A € QY(M) be such that drpmAn = 0. Through the above contact-
based identifications on T'y \ H', if equality holds in bound , then M 1is necessarily
equipped with the Heisenberg almost—complex structure defined in Section[{.2.

Proof. Let us identify (M, ayp) = (Ty \ HY, ) as above. Consider any almost—complex

structure J : TM — TM and let g; be the associated adapted Riemannian metric. The

construction of the circle bundle 7 : M — ']I% in Section and — still hold,

therefore we may equip T? with the well-defined Riemannian metric g T2 () (vg, wy) =
k

9.(p)(Vp, wp) for ¢ € T7 and v,w € T, T, and any p € 7~ '(g). Note that, unlike the
setting of Section 9z is not a priori flat. Let us show that g; 12 is indeed flat when

equality is attained in the upper bound .

For this, due to Propositions u 3.1} and {4.1] . there exist a,b € R and f € C°°(M,R) such
that Ay = adx+bdy+duf = 7*(a dv+ b dw) +dyf. If equality holds in bound ,
then thanks to Corollary on the one hand we infer that

dist(a dv + b dw, £1(T?%))?
vol(T?) ’

A (A) = with @ dv +bdw € Q(T?), (21)
and £!(T?) defined as in Corollary On the other hand, Theorem in particular
yields that A\ (A4) < Ai(a dv 4 b dw), with A\j(a dv + b dw) the first eigenvalue of the

magnetic Laplacian on Ti as defined in Section By combining this latter inequality
with (21]), thanks to [CESIS22, Theorem 3] we infer that

dist(a dv + b dw, £1(T%))?

A(a dv +bdw) = ,
vol(T%)

which, due to [CESIS22, Theorem 4], finally yields that the metric g, must be flat.
k

At this step, if X, Y € T'(T'M) are defined as in Section from X = gv, Y = 0, we
conclude that the almost-contact structure J must satisfy JX =Y and JY = —X, thus
it must be the Heisenberg almost—complex structure defined in Section O

As natural and very interesting consequence, Corollary and Theorem enable
computing the Chern class k of M in case A\1(A) is known for a sufficiently rich family
of magnetic potentials A. In particular, in this case we recover full information on M
and its contact structure. Indeed, the following holds true.
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Corollary 4.3. Let M be a three—dimensional K—contact reqular manifold with contact
1-form apr and first Betti number by(M) = 2. In addition, let A', A2 € QY (M) be
linearly independent, Rumin—harmonic, and such that equality holds in bound for
either A' or A?. Therefore, according to Theorem@ M is strictly contactomorphic to
(T \H2, ), where a = dz — ydy. Moreover, there exists 1,72 € R such that the Chern
class k € N\ {0} is uniquely determined by the sequence {\1((y1 A +v2A2%)/¢) : £ € N*}.

Proof. Due to Proposition let ¢ : (M,ap) — (Tx \ H, @) be a contactomorphism.
From Theorem and our assumptions on A; and As, we infer that the almost—complex
structure J must be the Heisenberg almost-complex structure. Moreover, since A'
and A? are linearly independent, it is always possible to find 71,72 € R such that
c* ('ylAIl{ + 'ygA%I) = 2w dz. The conclusion follows from Corollary O

A. Proof of Lemma 3.2

We make use of the following lemma, which, due to the compactness of M, can be easily
proved through a partition—of—unity argument.

Lemma A.l. Given any neighborhood U C M, let {R, E,...,Es,} denote a, e.g.,
Darbouz frame defined in U. For ¢ € L?*(M,C), it holds that ¢ € W3 _(M,C) if ¢
satisfies, for every j, k=1,...,2n and neighborhood U C M,

E;p € L*(U,C) and E,E;p € L*(U,C) (in the distributional sense).
Proof of Lemma(3.2. The Lax-Milgram Theorem yields that, for at least one real A > 0,
for every f € L?(M,C) there uniquely exists o5 € W (M, C) such that

/M 97 (VRm,a¢f, VRm,ap) + A /M prp = /M f®, for every ¢ € Wy, (M,C).  (22)

To prove Rug(Arm, 4 + AI) = L*(M, C), it is sufficient to show that ¢y € W3 _ (M, C).
For this, given any neighborhood U C M, let {R, Ey, ..., E2,} denote a, e.g., Darboux
frame defined in U. From and Lemma [3.1| we infer that (see also [FPR20])

2n
> /U prE2 o+ (div(E)) — 2iAn(E;)))Ejp =
j=1

— / (f + 1845 ~ | 4nll% ~ N )P, for every ¢ € C2(U,C).
U

Since M is a contact manifold, this latter variational problem falls into the hypoelliptic
setting of [RS76, Theorems 16 and 18], hence we infer that E;p, ExE;¢ € L*(U,C), for
every j,k=1,...,2n, concluding that ¢; € W (M, C) thanks to Lemma

To prove the second claim, we follows the arguments leveraged in [CPR24, Corollary
B.3]. The first claim yields that Agm 4 is self-adjoint with o(Agrm,4) C [0, 4+00). Hence,
for every strictly positive A € R, the resolvent

Ry 2 (ARma + )71 L*(M,C) — W, (M,C) C L*(M,C)
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is a well-defined linear and bounded operator. Therefore, for any h € C(M, (0, +00))
and ¢ € L?(M,C), by denoting » £ Ryyp € WZ(M,C) and thanks to Lemma and
Young’s inequality we may additionally compute

Jove= [ 1ol [ Ot luBtel +21m ([ (o), )
M M M M
VRmo||?
> [ 1Vrnel+ [ O+ laullor - [ Rl ] g,
M M M M

By taking h € C(M, (0,+400)) defined, for p € M, as h(p) = 2 when ||Au(p)||> < A/2
and h(p) = (| Au(p)||> + A/2)/||Au(p)||> otherwise, the latter inequality, together with
the Cauchy—Schwartz inequality yield that

(1 A 2 >
min (2, 2) ol < /M 4% < ¥l el

from which it follows the existence of some C > 0 such that ||R)\”L/J||Wém < Call1Yll £z,
for every ¢ € L*(M,C). Since the embedding W (M,C) — L*(M,C) is compact
[FPR20], we conclude that Ry : L?(M,C) — L?(M,C) is compact, and therefore that
R, : L?*(M,C) — L*(M,C) is compact for every z € p(Agm,a). We conclude from the
fact that a self-adjoint operator with compact resolvent has discrete spectrum. ]

B. Global magnetic fields

The definition given in this work of magnetic fields and potentials is local, in the sense
that we consider magnetic potentials as 1-forms. Although this is the canonical approach
in physics, and it is sufficient for our purposes, it is possible to give a somewhat “more
global” definition of magnetic potentials and fields, which we briefly recall here.

Let M be a contact manifold with contact distribution ¢ (here, we do not assume
M to be coorientable, therefore the contact form a may exist only locally). Consider
a complex line bundle p : L — M endowed with some Hermitian metric g. Generally,
a magnetic potential is a partial connection V¢ on L along &. More specifically, the
mapping V¢ : T'(L) — QL (M,L) £ Qk (M) ® I'(L) is C-linear and satisfies the
Leibniz rule

Vi(fs) = fVs+(Xf)s, feC®(M,C), sel(L), X €T(¢).
The horizontal magnetic Laplacian Agy, ye associated with V¢ may be defined as
s €T(L) = Agpyes = (V) Vs e T(L).

This definition boils down to the one in Section |2|in case L is the trivial bundle M x C
endowed with the standard Hermitian metric, and V¢ = dy — i Ay for some A € Q'(M).
As in the canonical case, we would like to define a family of extensions V¢ : Qf (M, L) —
Qllf{';ll(M, L), i.e., to forms with values in L, by defining Q% (M,L) £ Qf (M) ® I'(L)
and
Viw®s) =drmw ® s + (~1)fw A Vs, weQf (M), seD(L).
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One easily checks that this does not work, as it would require that o A 8 € Qlf{fnl(M ) if
a € QF (M) and 8 € Ok, (M). However, since Vés A Vés = 0, the above expression
still allows to define the curvature of V¢ as the map Fye : I'(L) — Q% (M, L) given by

Fges = Ve oVes, sel(L).

Observe that, if locally V& = dy — iAg for some A € Q'(M), then Fge = —idpmAn.
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